MUMBAI UNIVERSITY

SEMESTER 2

APPLIED MATHEMATICS SOLVED PAPER — MAY 2017

N.B:- (1) Question no. 1 is compulsory.
(2) Attempt any 3 questions from remaining five questions.

2

Q.1.(a) Evaluate fooo3_4x dx
. _ (% _42

Ans: Let I-fo2 37 dx
put 37 = et

taking log on both sides,

4x*log3 =t

t
x% = => X =
4log3 2,/log 3

diff. w.r.t x,
+1/2

= 1 /lea3 lim—[ 0, oo |

dx
o= f°°e__t t-1/2
0 4./log3

ey _ 1 © —t 4—1/2
Ay J, et.t71/% dt

1= VT 0
w1 A —— { ], e

(b) Solve (2y* — 4x + 5)dx = (y — 2y? — 4xy)dy

Ans : (2y%? —4x + 5)dx = (y — 2y? — 4xy)dy
Compare with Mdx + Ndy =0
~ M= (2y?—4x+5) ~N=-(y—2y*—4xy)
oM aN
— =4y Pt '

ay

3]




. OM _oN
) ay_ax

The given diff. eqn is exact .

The solution of exact diff. eqn is given by,
a —
[ Mdx + f[N—ade]dy— c
[Mdx = [((2y* — 4x +5))dx = 2xy* — 2x* + 5x

a

2

] 2
[IN -3 Mdx]dy = [[4xy -y +2y* — 4xy ldy =3y* -

v 2xy? —2x% + 5x + %y:” — y;=c
(c) Solve the ODE (D — 1)?(D? + 1)y =0 [3]
Ans : (D -1)?(D?+1)2y =0

For complementary solution,

f(D)=0
(D-1)*D*+1)2=0
& (D-1)2=0 & (D2+1)2=0
D—-—1=0 fortwotimes (D*+1) =0 fortwo times
~ D-1=0 ~ D?=-1

Rootsare: D =1,1,+i,+i,-i,-i

~ Y. = (€1 +xc3)e* + [(c3 + xcy)cos x + (c5+xcg)sin x]




(d) Evaluate fol f: ex dy dx [3]

2
Ans: let I = folf: eﬁdydx

1 e¥ xz
= fo[T]Od'x

1 (e*-1)
= Jp—Tdx

X

= 1x.e"dx— 1x.dx
fo 0

— x_ g1l | ¥
= [x.e e]o [2]0

1
= e-et+1- 2
1
oo I - E
1x%-1
(e) Evaluate [ Tog x dx [4]
1x%-1
Ans: et 1= J, ogx I

Taking ‘a’ as parameter,

@)= fy s dx e (1)

differentiate w.r.t a,

di(a) _ d (1x%-1 d

da daJo log x

. di(@) _ 19 x%-1

" “aa = Jo 3a 108 dx ... {D.U.LS f(x)}

. dl(a) _ 1x®logx ax* g4

- ‘fo og dX e {—-= x"loga}

di@ _ (1 _g
== J, x* dx




. dI(a)_[ xt1 ]1
" da a+1 " (
Ldi@ _ 1
" da " a+1 0
Ldi@ _ 1
" da " a+1
now , integrate w.r.t a,
@)= [— da
a+1
I(a)=log (a+1)+c = -=-m---- (2)

where c is constant of integration
put a=0in eqn (1),
0)=f, 0dx=0
And
Fromegn (2), 1(0)=c

~c=0

~ 1=log(a+1)

(f) Find the length of cycloid from one cusp to the next , where

x=a( 8+sin 08), y=a(l-cos 0 ).

Ans: Given curve : Cycloid x=a(8+sin0), y=a(1l-cos 0)

A

\\/Za

«—3—>

[4]




The length of given curve is :

0 dx d
s= [y &2+ @2 a0

dx _ Y _ 4
da—a(1+cos 0) de—asm@

. (%)2 + (%)2 = a*[1+ 2cos 0 + cos?0 + sin’0 |
= 2a?[1+ cos 0]

= 4 a?*[ cos? 9/2]

(2 1 (B2 = 0
"\/(de) +(55)? = 2acos Y/,
~s = [ 2acos 9/2d0

= 2x [ 2acos 9/, de

= 4a [25sin 9/,1

&S = 8a
Q.2.(a) Solve (D? — 3D + 2)y=2¢e*sin(3) [6]
Ans : (D* - 3D + 2)y=2¢"sin(3)

For complementary function,
f(D)=0
» (D*-3D+2)=0

Rootsare:D=2,1 Real roots.

Yo = c1€5 + c e*




For particular integral ,

1
Y = ;X
_ 1 Xcin(®
"~ (D?-3D+2) 2e Sm(z)

1
(D+1)2-3(D+1)+2

— X

sin(’z—c)

2e*

. X
D2 D) sin(3)

1
1
-(3)-»
= —8e* —— sin(®)
4D+1 2

4D-1
16D2-1

= 2e*

sin(g)

= —8e* sin(g)

Yp = gex(—sin (g) — 2cos(§))

The general solution of given diff. eqn is given by,

8 .
Ye=Yc+ Y, =c1e" +ce** + - e*(—sin (g) — Zcos(g))

2
o —(x2+%
(b) Using D.U.L.S prove that fo e W dy = ge‘za,a >0 [6]
o —(x2+%)
Ans: Let I(a)= fo e 2 AX e (1)

Taking ‘@’ as parameter diff. w.r.t. a,

2
di(@) _ d ;o —(x2+%)
——=—"e 2’ dx
da dafO

Apply D.U.L.S rule,

2
0 —(v242
dl(a) _f a e (x +x2)dx

da 70 aa




Limits [ oo, 0]

a2 —(¢2 ﬁ
U@ _ [0+ gap = 2 [ (T = —21(a)

da 0
di(@) _

= 21(a)
@ _ —2da

(@)
Integrating both sides,

log [I(a)]=-2a +log c

I(a) = c.e”2¢

put a=0 in above eqn and eqn (1)

~l(d)=c= fooo e X dx = \/777 ........... { Using gamma function }

2 a) = T e2a

| . 1 /2-x% xdxdy
(c) Change the order of integration and evaluate [, [ NF [8]
. _ 1 (V2-x% xdydx
Ans : Let 1=/ J Ty
Region of integration is : X <y<sv2-—x?

0<x<1
Curves: (i) y=x line

(ii)) x=0, x=1 lines parallel to the y axis .




(ii) y=v2 —x2 = x%+y?=2
Circle with centre (0,0) and radius V2.

Intersection of circle and y = x line is (1,1) in 1°* quadrant.

y
A
_7(;2-|-y2 =2 A y=X

-

v X

|
x=1
Divide the region into two parts as shown in fig.
After changing the order of integration :
For one region : 0<x=<y
0<y<1
For another region : 0<x<.,2-y?
1<y<+2
. _ 1y xdxdy V2 ~J2-y2 xdx dy
e bt T
1 V2 )
= LW dy + [PV E Y

fVZy -y dy+ [VZ - 1dy

(VZ-1)51g+ 2y - %12




1
| = V2-1
CoVz
1 1-x (1—x-y
Q.3(a) Evaluate fO fO fO mdxdydz [6]
. _ 1 1-x 1-x-y 1
Ans: Letl = ["["" [ p—tc dxdydz

_ 1 ,1-x ;1-x-y 1
= fO fO fO dedydx

_ 1 1-x 1 1—-x—-y
- fO fO [ —2(x+y+z+1)~2 ] 0 dy dx
1-x 1 1 1
- f f 2 (x+y+1 x—y+1)2  (x+y+1)2 |dy dx
__11.1 1 1—x
- 02 [4y (x+y+1)1 ] 0 dx

= ol a-n g+ [G e

_ 1p1/a-0%) _x
B 2[4( 8 ) 2+log(x+1)]0

]
N =

5
[log 2 —]

(b) Find the mass of the lemniscate 1* = a?cos 20 if the density at any
point is Proportional to the square of the distance from the pole. [6]
Ans: Givencurve: r? = a?cos 260 islemniscate.

The density at any point is proportional to the square of dist. From the pole.
Distance from the pole = r
~» Density « r?

~ Density = k.r?




The mass of the lemniscate is given by,

0 r .
M= fefl frf density r dr d6

<
1]

2

r2 = a’cos 20

VV><

cos20

M=4x [3[" k.r?.rdrdo

— 4k X f‘* a\/cosz do

= kx [+a*.cos*26.d6

We can solve this definite integral by beta function.

Put20 =t => 2do =dt

Limits [ 0, -]
» M= ka‘*ﬂcosztﬂ
0 "2
ka* 1 13
= 5-x38(33)

ka*n
8

3
Y 4+ 3x 4’y + + —4logx

(c) Solve x? 13 2

Ans : 2dy+3x—+ +——4logx

[8]




The given diff. eqn is Cauchy’s homogeneous eqn .
Multiply the given eqgn by x,

3 %y

X
dx3

d? d
+3xzd—é’+xd—i’+y=4xlogx

Put x=e* logx=z

Diff. w.r.t x,
x? ZZTZ =D(D - 1)y
x3 % =D(D—-1)(D—-2)y where D =%

[D(D-1)(D-2)+3D(D-1)+D+1]y=4z. e*
[ D3 + 1 Jy=4z. €*
For complementary solution,
f(D)=0
~[D*+1]1=0

i\/§1
2

. V3
) L
2 2

Roots are: D = -1,% +

Roots of the eqn are real and complex.

“ Y. =cre ?+e??(c, cos % + ¢3sin %)
For particular integral ,
Yp = % X= (0311) 4z.¢e”
= 4e* m Z
—_ z 1

Z
D343D2+3D+2




LYy, = e“(2z-3)

The general solution of given diff. eqn is,

Yg=Yct+¥p= c,e ?+e**(c, cos % + c3sin %) +e?(2z—-3)

Resubstitute z,

\/§log V3lo gx

LYy = +\/_(c2 cos + c3sin ) + x(2log x — 3)

Q.4(a) Prove that for an astroid x%/3 + y?/3 = a?/3,the line @ = /6
Divide the arc in the first quadrant in a ratio 1:3. [6]
Ans: Given curve : astroid x%/3 + y?/3 = q?/3

The line 8 = 1t /6 cuts the asroid in 1 st quadrant.

/6

\ 4

d X

™

x2/3 + y?/3 = q2/3

C is the point on the curve which cuts the arc.
Length of astroid in first quadrant:
Put x= acos3t and y=asin3t

dx=-3asin t.cos’tdt dy=3acos t.sin’tdt

S = f \/( =2 + dy f”/z\/( 3asin t.cos?t)? + (3acos t.sin?t)? dt




= fon/z 3a.sin t.cost dt
3 /2 .
sa [, " sin2tdt

/2

3
= Za[— cos 2t | 0

Now the length of the curve ac : Just put % insted of g because the curve is

Only upto given line.

~ S(ac) = f0”/6 3a sint .cost dt = %a [— cos 2t ]ﬂ(/)6

= Za[-;+1]

S(ac)

- 3 3 9
Legnth of remaining part=-a —-a = -a

Divide eqn (3) and (2).
The line g cuts the given astroid in the ratio of 1:3

Hence proved.

(b) Solve (D* —7D — 6)y = (1 + x*)e** [6]
Ans :

(D? —7D — 6)y = (1 + x*)e?**
For complementary solution,

f(D) =0




~(D*-7D-6)=0

Roots are : D=Z+‘/L_3, 7 V73
2 2 2 2

Roots of the given diff. egn are irrational roots.

7x
Y, = ez (clcoshC + c3Ssi ?)

For particular integral,

1
Y» T X

1
= m[er + erxZ]

- 1 2x 1 er

e _r 2
(D2-7D-6) (D2-7D-6)

X

2x
e 2x 1 2
= ——+ e X
16 T (D+2)2-7(D+2)-6

2x

e 2x 1 2
= -—+t+ e*——x

16 D2-3D-16

_ e 2xp 1 1 2
- -E-l_ e [__16(1+3D_D2) ]x

16

e A 1 2
- -E+ e x[__16( 3D—D2) ]x
1+_TZ_

= —Sie(+ 2 e

3D-D?

=—‘;—26”{1+[13"1 + Ry 142 )

2x
= —61—6{1+[x —Sx+=+—1}

8 16x8

8 128
2x 2x
e e 3 25
= — ——|x*—=x+—
Yp 16 16[ 8 128]




The general solution of given diff. eqn is given by,

(c) Apply Rungee Kutta method of fourth order to find an approximate

Value of y when x=0.4 given that dy _yx ,Yy=1whenx =0
dx y+x
Taking h=0.2. [8]
. dy _ y=x — — _
Ans : (I) dx_y+x X0 —O,yo— 1,h—02
fxy) ==

y+x

kl = h.f(xO,yo) = 0. Zf(O, 1) =0.2

ky = h.f (xo +3,50 +5) = 0.2.£(0.1,1.1) = 0.1666

ks = h.f (xo +3,¥0 + %) = 0.2.£(0.1,1.0833) = 0.1661

ky=h.f(xo +h yo +ks) = 0.2£(0.2,1.1661) = 0.1414

ki1+2ky+2k3+k 0.2+2(0.1666)+2(0.1661)+0.1414
k — 1 26 3 4 — ( ) 6( ) — O 1678

~ y(0.2)=y, +k=1+0.1678 = 1.1678
() x,=0.27y,=11678h=0.2
ks = h.f(x1,y1) = 0.2f(0.2,1.1678) = 0.1415

ke =h.f (x1+3,y1+=) = 0.2.£(0.3,1.23855) = 0.1220

k, = h.f(x1 +3,91 +%) =0.2.£(0.3,1.2285) = 0.1214

kg = h.f(x; + by, + k) = 0.2£(0.4,1.2892) = 0.1052

_ ks+2kg+2ks+kg _ 0.1415+2(0.1220)+2(0.1215)+0.1052
o 6 o 6

k = 0.1222




X=0.2 taking h=0.1 correct upto 4 decimal places.

Ans :

y(0.4) =y, +k*=1.1678 + 0.1222 = 1.290

Q.5(a) Use Taylor series method to find a solution of % =xy+1,y(0)=0

[6]

(1)) % =xy+1 ,x3=0,y0=0, h=0.1
fxy) =1+xy
y =1+xy Yo=1
y'=xy' +y Yo =0
ylll — xyll + zyl y:)// —

Taylor’s series is given by,

!/ hz 144 h3 r
¥(0.1)= yo + h.yo + 5, y0 + 5, Y0 +

3
= 0+0.1(1)+0+%(2)

v(0.1) =0.1003
() x; =0.1,y, = 0.1003,h=0.1
y =1+xy yo = 1.01003
y' =xy' +y yo = 0.201303
y'=xy" + 2y yy' = 2.0401903

2 3
. y(0.2) = o.1003+1.o1003(o.1)+% (0.201303) + % (2.0401903)

~y(0.2) = 0.202708

. e dzy 1
(b) Solve by variation of parameters (@ + 1) Y= Trans [6]




d
Ans : put E_D

(D% + 1)y = —

1+sinx

For complementary solution,
f(D)=0
~(D*+1)=0
Rootsare:D =i, —i
Roots of given diff. eqn are complex.

The complementary solution of given diff. eqn is given by,

"~ Y. =C€1€0S X + C3Sin x

For particular solution,

By method of variation of parameters,

-y, X
Yp = Y1P1 t Y2P2 where p; = [—= dx
X
P2 = fle dx
Y1 Y2
Y1 Y2

cosx Ssinx .
= ; | = cos’x + sin*x =1
—SsSinx Ccosx
—-y2 X sinx 1 sinx (1-sinx
Y2 dx=f— 1 dx=—f : ( : )
w 1 1+sinx 1+sin x (1-sin x)

p1=J
= -[(sec x.tan x — tan*x)dx

= -[sec x-tan x + x]

cos x 1

X
P2 = fledx=f

Yp = —[secx—tanx + x|cosx + log (1 + sin x)sin x

dx =log (1 + sin x)

1 1+sinx

The general solution of given diff. eqn is given by,




Yg = YctYp = €1€08x + cpsinx — [secx — tanx + X[cosx +
log (1 + sinx)sinx

(c) Compute the value of fﬂl_';(sin x — In x + e*)dx using (i) Trapezoidal
Rule (ii) Simpson’s (1/3)rd rule (iii) Simpson’s (3/8)th rule by dividing
Into six subintervals. [8]

Ans: let |I= fol_':(sin x—Inx+e*)dx

Dividing limits in six subintervals .

_b-a _14-02 _
=—="—"=

s h=6 <~h

1
5

x0=0.2 .X'1=0.4' x2=0.6 X3=0.8 .X'4_=1.0 x5=1.2 x6=1.4
¥0=3.02 | y1=279 | y,=2.89 | y3=3.16 | y,=3.55 | y: =4.06 | y,=4.4

[ X + 2R] (1)

(i) Trapezoidalrule: I=

NS

X = sum of extreme ordinates = 7.42

R = sum of remaining ordinates = 16.45

1=——(7.42+2(16.45)) s (from 1)
1 =4.032
(i)  Simpson’s (1/3)" rule:
1=2[X+2E+40] e 2)

X = sum of extreme ordinates = yy+ye = 4.4+ 3.02 = 7.42
E = sum of even base ordinates = y, +y, = 6.44

O = sumof odd base ordinates = y; +y3 +ys = 10.01

|=$(7.42+2x6.44+4x10.01) ............... (from 2)




1= 4.022 |

(iii)  Simpson’s (3/8) " rule :
1=2[X+2T+3R] e (3)

X = sum of extreme ordinates = yy+ys = 4.4+ 3.02 = 7.42
T = sum of multiple of three base ordinates = y; = 3.16

R = sumof remaining ordinates = y; + y,+y, +ys = 13.49

3

f1=22[7.42+2x3.16 +3 X 13.49]

~1 = 4.02075

Q.6(a). Using beta functions evaluate f:/G c0s°30.sin*60d0 [6]

Ans: let 1= f:/(’ co0s®36.sin*60d0
Put 30 =t
Diff. w.r.t 0,

do =% limits : [0,~]

3 2

v 1= 2[™2cosSt. sin?2tdt
3o

2 .
= gf:/ cos3t (sin t.cos t)2dt

— ifﬂ'/z

cos’t.sin*t. dt
3Jo

4 1 3
= FX3X ﬁ(B'E) - fon/z cos™t.sin"t.dt = % X B(m+1,n+1)}

32
315




(b) Evaluate fff log(x + y?)dxdy by changing to polar

Coordinates. [6]

Ans: let f‘rf log(x + y*)dxdy

Region of integration : y<x<.,a?-y?
OSyS%
The line x=y is inclined at 45° to the +ve x-axis.
. a .
Curves: (i) x=y,y=0, V=75 lines
(ii) x = a2 —y?

X2 +y? = a?

circle with centre (0,0) and radius a.

Cartesian coordinates —— Polar coordinates
(x,y) — (r,0)
Put x=rcos® and y=rsin0
f(x,y) =log(x* + y*) = log r* = 2log r = f(1,0)

Limits changes to : 0<r<a




S

<0<

1N

s 1= [3["2logr.rdrdo

L 2 2
= 2 [ log r.r——%]

do
2

© Q

Zf(;{[log a.a?z—a;] do

[tog a5 = 5] x5

1
X

-0 v=0 7= Xy YL zZ_
x-O,y—O,z—Oanda+b+C—1

Ans: Let V= [ [ [x?dxdydz

And=+2+2=1
a b c
Put x=au, y=bv, z=cw

» dxdydz = abc du.dv

Region of integration is volume bounded by the planes x=0,y=0,z=0

y u+v+w=1

(c) Evaluate [ [ [ x?yzdxdydz over the volume bounded by planes

[8]




The intersection of tetrahedron with all axes is : (1,0,0),(0,1,0),(0,0,1).
O0<w<(1-u-v
0<v<(1-w
0<uc<i

The volume required is given by,
V = f01 fol_u fol_u_v abc a’>u?bv. cw. dudvdw

= %a?’bzc2 fol fol_u u?v (1 - u—v)?dvdu

1 1 01—
= 3 a’b’c* [ [, “u2v[(1 —u)? — 2(1 — wv + v?]dudv

R O N A T TN IR 1)
= 2abcfou[(l w?>-20-w5+ ] 0 du
a3b?c? 1 u?(1-u)*du

2 Jo 12

a3b?c?

= L2 B(3,5)

a3b?c? 214
24 7!

a3b?c?
2520




MUMBAI UNIVERSITY

SEMESTER 2
APPLIED MATHEMATICS SOLVED PAPER — DECEMBER 2017

N.B:- (1) Question no. 1 is compulsory.
(2) Attempt any 3 questions from remaining five questions.

)
e
= dx

Q.1.(a) Evaluate fooo

2
e X

dx

Ans : Let 1= =

Put x2=t => X =\/E => \/} = t1/4

Differentiate w.r.t x,
-1
=2

oo e—t t—3/4

s~ = —

0 1 2

- dx dt lim — [0,c0]

dt

. 1 o0 _ 1_1
w1= 2 [ ettt de
But we know that,

fooo e t.t" 1dt = gamma(n)

1

(b) Solve (D3 + 1)?y =0
Ans : (D3 +1)%y=0
For complementary solution,
f(D) = 0
~(D¥+1)=0

3]

~ 1= 5 (i) ................. {By the definition of gamma fn}

[3]




~ (D3+1) =0

Rootsare:D=-1, %+i£, %—i

V3
2 2

.. for two times

Roots of given diff. eqn are real and complex.

The general solution of given diff. eqn is given by,

Yg =Yc = (c1t+xcy)e™ + ez[(c3+xcy)cosx + (cs + xcg)sinx]

1 1
(c) Solve the ODE (y + §y3 + Exz) dx + (x + xy*)dy = 0 [3]
Ans: Compare the given diff. eqn with Mdx + Ndy =0
1 1
» M= (y+§y3+5x2) ~N=(x + xy?)
oM _ 2 N _ 2
3y 1+y Pl 1+y
oM _ N
ay T ox

The given differential eqn is exact.

The solution of exact differential eqn is given by,
[ Mdx + f[N—;—dex]dyz c
1 1 3
[Mdx = [(y+3y*+322)dx=xy+3y° +3
9 - 2
anydx =X+ xy

f[N—aindx]dyzf[ x + xy? — (x + xy?)]dy=0

x 3 X3 _
xy+3y +6 =C




(d) Use Taylor’s series method to find a solution of Y_14+ y%,y(0) =0
dx

At x=0.1 taking h=0.1 correct upto 3 decimal places. [4]
Ans : % =1+ y? X0 =0,y0 =0, h=0.1
Yy =1+y Yo=1
y'=2yy Yo =0

ylll — zyyll + Zyl.yl ybll — 2

Taylor’s series is given by :

!/ hz 144
¥(0.1)=yo + h.yo +— yo +
0.1x0.1 0.1x0.1x0.1

=0+0.1(1) + —; (0) +——— ()

y(0.1) =0.10033

(e) Given f:ﬁlazdx = itan_l(z) using DUIS find the value of

J s [4]

(x2+a?)2
x 1 1 —1,x
: ———dx =-tan"1(=
Ans Jo Zrzdx =-tan™'(3)

Differentiate w.r.t a, taking ‘a’ as parameter

o v 02 = g [ tan Q)
Applying D.U.L.S rule,

D.U.L.S rule says that if function and its partial derivative is continuous then
we can apply differential operator in the integral operator by converting it

into partial derivative taking one parameter fro function.




xa 1 x 1
1) dx=-—tan 1Zx =+

0 da x2+a? a a a(x*+a?)
x 2a? __1 1Xx l -X
fo oz ax tan 2 Xt s
X dx _ i -1Xx X
fO (x2+a?)2 dx = 2a3 tan a * 2a?%(x%+a?)
(f) Find the perimeter of the curve r=a(1-cos 0) [4]
Ans : Curve : r=a(1-cos 0)

y
/ r=a(1-cos 0)

Perimeter of given curve s,

S=2x [ r2+( )Z)de
Z=a(sing) => (3% = a’sin’6

r? + (Z—;)z =a’[1 - 2cos0 + cos*0] + a’sin’0

/rz +* (%)2 =v2a (1 — cos 9)1/2

=\2av2 sin(g)
S= 2 [V2aVZsin(3) d6

= 4af sm( )dB




= 4a[-2 cos(g) ]g

S= 8a
Q.2.(a) Solve (D3+D?% + D + 1)y = sin®x [6]
Ans : (D3+D? + D + 1)y = sin®x

For complementary solution,
f(D)=0
~ (D3+D*+D+1)=0
Rootsare:D=-1, +i, -i

The complementary solution of given diff eqn is,

Yo = €1€0S X + c38inx + c;e™

For complementary solution,

1 1

1
= —X=———sin*x = 1—cos2x
Yp f(D) (D34+D2+D+1) 2(D3+D24+D+1) ( )
1 1
= el . cos 2x
2(D3+D2+D+1) 2(D34+D2+D+1)
1 1 1
= ——=X———C0S 2x
2 27 -D-4+D+1
1. 1 1
= -+ -.—— cos 2x
2 6 D+1
1 1 1 D-
= —4+-.——— coSs 2x
2 6 D+1D-1
1 1 D-1
= =4 -, cos 2x
2 T 6 D2—
1 1 -2sin2x—cos2x
= —+-. cos 2x
2 6 —4-1
1 1 .
Yo = 5F3, (2sin 2x + cos 2x)

The general solution of given diff. eqn is given by,




Yg=YctYp=C1€0s X+ Csinx+cze™ + % + %. (2sin 2x + cos 2x)

fx+3a

(b) Change the order of integration foa mf(x, y)dxdy [6]

Ans: letl= foa f%f(x, y)dxdy

Region of integration is : a? —x2 < y< x+3a
0<x<a
A /
/(H 3 y=x+3a
[ | || R2
R1
) x2+y? = a? X=a

N

Intersection of x=a and y=x+3a is (a,4a).

Intersection of x=0 and y=x+3a is (0,3a).

Divide the region into three parts R1,R2 and R3

+ R=R1UR2UR3

For region R1: \/ryz <x<a
0<y<a

For region R2 : 0<x<a
a<y<3a

For region R3: (y—3a)<x<a




3a<y<4a

After changing the order of integration fro dydx to dxdy

sz [§ [T oy dxdy + [° [§ f(x,y)dxdy + [ [0 f(x,y)dxdy

(c) Evaluate [ [ dxdy , where R is triangle whose vertices are

x2y2—yt+1
(0,0),(1,1),(0,1). 8]
Ans: let I= [[——= ny y4+ dxdy

Region of integration : Triangle whose vertices are (0,0),(1,1),(0,1)

A

Yy (1,1)

(0,1) >>>>/

(0,0) X

v

The equation of lines from diagram are : y=1,x=y
0<x<y

0<y<1

5
s o R

x%y2 y4+

= i
o 1) T




1 2y5. 1
= J, foyL.— dx dy

1;—g4+x2 g
1 [1-y*
= [, 2y* y—;’+x2 ]:();dy

1 1 J1—y4
= o[- ey

1
= 2f,[¥’ -V1-y*.¥’]ldy

_ oYt 1 ayh21
- 2[4+4' 3/2 10
1 1 2
=257l
A — 1
6

Q.3.(a) Find the volume enclosed by the cylinder y?> = x and y = x?

Cut off by the planes z=0,x+y+z=2. [6]

Ans : The solid is bounded by the parabolas y?> = x, x> = y in the x y plane .

A

v4 ;) parabolas

v

In x-y-z plane x+y+z =2 is top base.
The volume between this curves is given by,
V= [[zdxdy= [ [(2—-x—y)dxdy
From the diagram we can conclude that the intersection point of both

Parabolas are (0,0),(1,1).




1 Vx
aV= [0 [5(2—x—y)dxdy
_rt Y2 x
—fO[Zy—xy—;]xzdx

= Ll(2VF—aE=5) = (26 -2~ )l

(b) Using Modified Eulers method ,find an approximate value of y

At x=0.2 in two step taking h=0.1 and using three iteration
Given that %=x+3y , Y=1 when x=0. [6]

Yoxtdy x5=0y,=1h=0.1

Ans : (1) i

¥ = yo + hf(x0,y0) =1+0.1(3)=1.3

Vit = yo + 3 [ (o, y0) + f(x1, )]

Iteration X1 yi X1yt yitl
0 0.1 1.3 4 1.35
1 0.1 1.35 4.15 1.3575
2 0.1 1.3575 4.1725 1.3587
[y(0.1)=1.3587 |
) x,=0.1,y, =1.3587
y9 =1.77631
h
y3tt = Yy t3 [f (x2,¥2) + f(x2,52)]
Iteration X v X5V yatl

0 0.2 1.77631 5.52893 1.8439




1 0.2 1.8439 5.7317 1.8540

2 0.2 1.8540 5.762 1.8556

v(0.2)=1.8556

(c) Solve (1 + x)2 T+ (1+ x) ~+y = 4cos (log(1 + x)) [8]

Ans : (1+ x)Z T+ (1+ x) — 1y =4cos (log(1 + x))
Put x+l=v => = 1
dx
dy _ dy
dx dv

The given eqn changes to,

2 d%y

v
dv?

+v%+y= 4cos logv
Now putlogv=z .v=e*
[D(D—-1)+ D+ 1]y = 4cos z
v (D> + 1)y =4cosz
For complementary solution,
f()=0
~(D*+1)=0
Roots are : i,-1

The complementary solution of given diff. eqn is,

& Y.=C€1C0S Z + C,Sin z

For particular integral ,
1 1 z .
yl’_f(n) X= Ty 4cosz—45 sinz=2zsinz

~Yp=22zsinz




The general solution of given diff. eqn is given by,
Yg=YctYp=C€1€05Z+CySinz+ 2zsinz

Resubstitute z and v,

Y4 = c1c0s [log(x + 1)] + ¢;sin [log(1 + x)] + 2 log(1 + x)sin [log(1 + x)]

VT G
Q.4.(a) Show that [ |——dx=a 7:(156) [6]
3
Ans: Leti= [* |2 d
ns: Letl= 0 2323 X
1
Put x3=a’t => x=ats

Diff. w.r.t. x,

dx = g t=2/3 dt

Limits becomes — [0, 1]

1= [y (0¥2.(1-0)¥2. 7232 dt

2Jo /51— ©32dt

a 53
3 BG.3)
-5
| = a \/f(lgﬁ) ............ { from the definition of beta function}
3
(b) Solve (D? + 2)y = e*cos x + x*e3* [6]

Ans : (D? + 2)y = e*cos x + x?e3*




For complementary solution,
f(D)=0
~(D*+2)=0
Roots are : D = v2i, —v/2i
Roots of given diff. eqn are complex.

The complementary solution of given diff. eqn is given by,

s Yo = €1€08V2x + cy5inV2x

For particular integral ,

1

=—X-= e*cos x x2e3x
Yp f(D) DZ+1 +1)2+1
— X 2 ,3x
= ————COS X x“e
(D+1)2+1 + D2+1
—e"— L  cosx+ed ¥ —L 2
D2+2D+3 (D+3)%2+2
1 D-1 1
= e* = .cosx + e3* ——x?
2 D2-1 D2+6D+11
1, . e3* 6D+D%._4 o
= e*-(sinx+cos x — 1+ —-
4( + )+ 11[ t 11 ]
1, . e3* 6D+D?>  36D? 2
= e*~(sinx + cos x —[1- L x
4( T )+11[ 11 +1z1+]
1 3% 12x . 50
. i X H 2
- Yp = e Z(smx+cosx)+ H[x _F-I_E]

The general solution of given diff. eqn is,

e
ol

3x
Yy =Y+ ¥, =C€1€0SV2x + czsin\/fx+ex%(sin X + cosx) + [ x% — 22 4 2

2 2N\2
(c) Use polar co ordinates to evaluate [ I% dx dy over yhe area

Common to circle x*+y* = ax and x* + y* = by,a> b > 0.

8]




2 2N2
Ans : Let|= ff(x+y) dx dy

Region of integration is : Area common to the circle

x*+y? = ax and x* + y* = by
To change the Cartesian coordinates to polar coordinates
Put x=rcos@ and y=rsinf

Circles: r=acos @ and

r=asin 0
2+y )2 T4 4
The function becomes : f(x,y)= 2y Tisin?0 cos?0  3inZie f(r,0)
A =aci
y - r=asin 0
AX r=acos 0

Intersection of both circles is at angle = tan~! % .
Divide the region into two equal halves.

For one region, 0 <r < bsin@

0<f<a

For another region, 0<r<acos@

3

a<f<-
2

T
= f fbsme 4rdrd0 facose E4rdrd0
sin220 0 a sin2260

_ 4 bsin@
= fO stZB[ ] d9+f2

0

2] acos6 do

sm220 [

2 T
= %bz f, sec?0do + a?f; cosec’0do




1 2 az
=Eb tan «< + 7cot (e

Q.5.(a) Solve ydx + x(1 — 3x%y*)dy =0

Ans : ydx + x(1-3x*y>)dy =0 ..

Compare the given eqn with Mdx + Ndy=0

M= y &N = x(l — 3xzy2)
oM _ N _ & g.242
ay_l ax_l 9x“y
oM o
ay dx

Hence the given diff. egn is not exact.
But the given diff. egn is in the form of

yf(xy)dx + xf(xy)dy =0

1 1

Integrating factor = 2 =
& & Mx—Ny xy—xy+3x3y3  3x3y3

Multiply the I.F. to egn (1),

1 1 1
3x3y2 dx + [3x2y3 "4 ;]dy =0

1 1 1
M, 3 3x3y2 Ny = [3x2y3 N ;]
Now this diff. eqn is exact.

The solution of given diff. eqn is given by,

9
[ Mdx + f[N—ade]dyzc

[Mydx = [ ——dx = —

3x3y2 6y2x2

[6]




F) 1
5] Mldx == —3x2y3
a 1 1
JIN, —@fM1dx ldy = f[3x2y3 —5- 3x2y3] dy
= [~ dy==-logy
. __1_1 —_
" 6y2x? ogy=c¢
2 2
(b) Find the mass of a lamina in the form of an ellipse x—z + y—z =
a b

1,

If the density at any point varies as the product of the distance from the

The axes of the ellipse.

Ans: Mass of laminais givenby, M= [ [ rdx dy

r is the density function r =k xy

2 2
Ellipse egniis : % + Z—Z =1

1N
N

v
x

0<y<bvVa?—-x%?/a

0<x<a

~M=4 an fob at=xt/a kxydydx

[6]




(c) Compute the value of fof Vsin x + cos xdx using (i)Trapezoidal rule

(ii)Simpson’s (1/3)rd rule (iii)Simpson’s (3/8)th rule by dividing into six
Subintervals.

[8]
L
Ans: Letl= [2+/sinx+ cosxdx
Dividing limits into 6 subintervals . n=6
a=0 ) b=E .'.h=ﬂ = z
2 n 12
xo =0 X1 =n/12 | x,=2m/12 | X3=37/12 | x, = 4nm/12 | Xg Xg
= 5m/12 | = 6m/12
Yo=-1 y; =1.1067 | y, =1.1688 | y3;_1.1892 | y,_1.1688 | y;_1.1067 | yo =1

(i) Trapezoidalrule: 1=

g [X + 2R] (1)
X = sum of extreme ordinates = 2
R = sum of remaining ordinates = 5.7402
A
=== (24+2(5.7402)) e (from 1)

1=1.7636
(i)  Simpson’s (1/3)" rule :




(iii)

=Z[X+2E+40] e 2)

X = sum of extreme ordinates = yy,+ys=1+1 =2

E = sum of even base ordinates = y, +y, = 2.3376

O = sumof odd base ordinates = y; +y; +y, = 3.4026

E(Z-I_Z X 2.3376 +4 x3.4026) ... (from 2)

1= 1.7693

Simpson’s (3/8)" rule :

1=2[X+2T+3R] e (3)

X = sum of extreme ordinates = yy+ys =0+ 0.5 = 2

T = sum of multiple of three base ordinates = y; = 1.1892

R = sumof remaining ordinates = y; + y,+y,; +ys = 4.551

3IXm
8%

" [2+2x1.1892 + 3 X 4.551]

o |

1.7702

Q.6(a)Change the order of Integration and evaluatef f\/—\/‘}_“ dxdy[6]

Ans: Letl=

Region of integration :

Curves :

o i e

dxdy

J2y<x<2

0<y<2

(i) x=2,y=2,y=0 arelines.

(i) x=,2y => =x?=2y

Parabola with vertex (0,0) opening in upward direction.




(2,2)

=2 \

v

After changing the order of integration:

(b) Evaluate [ [ [ x?dxdydz over the volume bounded by planes x=0,y=0

z=0and Z+2+Z=1.
a b ¢

Ans: Llet V= [ [ [x*dxdydz




Region of integration is volume bounded by the planes x=0,y=0,z=0
And=+2+2=1

a b c
Put x=au , y=bv, z=cw

» dxdydz = abc du.dv.dw

Yy u+v+w=1

The intersection of tetrahedron with all axes is : (1,0,0),(0,1,0),(0,0,1).
0O<w=<(1-u-v
0<v<(1-w
0<uc<1

The volume required is given by,

\"

fol fol_u fol_u_v abc a’*u?® dudvdw

a’bc f01 fol_u(l —u —v)u’dvdu

2 1 _
a?’bcfoluz[v—uv—%]1 0 Yau




u?(1-w)?)

= a3bcf01u2[1—u—u+u2— —]du
_ o3per_wt v 1ad 1, il
-abc[3 2 5 2(3 2 +5]0

. - 1.3
~V o= 60(a bc)

L. eBx
(c) Solve by method of variation of parameters : (D?> — 6D + 9)y = = [8]

e3x
Ans : (D* — 6D +9)y = =

For complementary solution,
f(D)=0
» (D?—6D+9)=0
Rootsare:D=3,3  Real roots but repeatative.

The complementary solution of given diff. eqn is,

& Y= (c1txcy)e’

For particular solution,

By method of variation of parameters,

—y, X
Yp = Y1P1 + Y2P2 where p; = [—= dx
X
P2 = fle dx
Y1 Y2
Y1 Y2
e3x xe3x 6x
w = = e
3e3* 3% 4 3xe3*

xe3* e3x

P = f_;X dx = [ — .x—zdx=f_71dx= —log x




3x
(X g (2 dx= (Lax= 2
P2 = dex— E.xzdx—fxz dx = .

The particular integral of given diff. eqn is given by,

sy, = —e*logx—e** = —e’*(logx+1)

The general solution of given diff. eqn is given by,

Vg =Y+ Y = (c1+xc3)e’* —e3*(log x + 1)
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N B:- (1) Question no 1 is combulsorv

(2) Attempt anv 3 guestions from remaininag five guestions.

x3

dx. [3]

Q.1 a) Evaluate f

13
ANS: I = [*<—dx.

Putx3=t
1
S X =¢3
-2
dx = lt?
3

-2

NENN "tt6—t3dt

% _s
~I=[e it edt

1)1
Q.QI = - _l
3|6

b) Find the length of the curve x = 3’3—3 + % fromy=1toy=2.
[3]

ANS: We have x ——+—
4y

Diff w.r.t. y, we get

dx 2 1

dy y 4y




2 1 2_ 4 , 1 1 (.2 LZ
1+(_) _1+(y 4_312) e 2 16y _(y 4y2)
We know that,
s=J; 1+(—)2dy
2 5 . 1)
S—fl (y +m) dy
_[2_ay
S_[B 4y1
8 1 1 1
5_5_5_(5_1)
_5
24
c) Solve (D? + D)y = e** [3]

ANS: For auxiliary equation,
D?*+ D=0

Solving we get,

D=-1,0.

~C.F.=Cle ™™+ (,e%
~C.F=Ce™*+C,

For P.1.,

e4x

D2+D

}I::
Now, put D = 4

e4x e4x

“Y T e 20

.. The complete solution is,

4x

_ -x e
y=C,e +C2+20.

d) Evaluate f01 fxxz xy(x + y)dydx.

[3]




ANS: We have,

I=; 1f ’2 xy (x + y)dydx-

ol 11
14 24
3
I'=5
e) Solve (4x+ 3y —4)dx+ (3x -7y —3)dy = 0. [4]

ANS: Given, (4x + 3y —4)dx + (3x — 7y — 3)dy = 0.
~M=M@x+3y—4) and N=Bx—-7y—3)
Differentiating M by y and N by x, we get,

d_M dN

=3 And —=3
dy dx
.aMm _ an
dy  dx

.. The given equations are exact.

For solution,

[Mdx = [(4x + 3y —4) dx

[ M dx = 2x? + 3xy — 4x

[(Termis N free fromx) = [ =7y — 3 dy

—7y2
Y _3
2

.. The final solution is,

2

7
2x2+3xy—4x—%—3y=c




4x* + 6xy —8x —7y* — 6y =C

f) Solve % = 1+ xy with initial condition xo, = 0, y, = 0.2 By Taylors

series method. Find the approximate value of y for x = 0.4(step size
=0.4).

ANS: The Taylor series is given by,

y =y, +xyl += > yo +Z 3, y(’,” ............. (1)
With x, =0,y, = 0.2,x = 0.4

Now, y =1 + xy sy =1
y =y+xy LYo =Y =02
y =y +y+xy

244

=2y +xy  nyg =2y =2
y =2y +y +xy .y =3yg +xyy" =06
Putting these values in equation 1, we get

(] 4)3 (0. 4)

y—02+(04)1++(04)02+ 2+8Y 0.6) + -
y=02+04+0.016 +0.02133 + 0.00064
y = 0.63797.
Q.2 a) Solve% — 16y = x*e3* + e?* — cos 3x + 2*. [6]
ANS: The auxiliary equation is D> —16 = 0
D =4-4
.. TheC.F.isy = Cie*™ + C,e™™*
Now, to find P.I.,
P.I. = D2116 (x%e3% + e2* — cos 3x + 2%)
Now, ———x?e°* = e“ﬂm.xz
_ ,3x 1 2 _ ,3x 1 2

. . e ". X
D2+6D+9-16 D2+6D—-7




3x

e 1 2
= 7 " p24en) " ¥
(1-752)
7
3x 2 -1
D“+6D
=—-2_, (1 — ) . x?
7 7
3X 2 4 3 2
e D“+6D D*+6D"+36D
=——(1+ + +'“)'x2
49
3x 3x
S (2 LT (2 Ly 06
—7(x+7+49—7x+7+49
1 1 1
g e2X = p2x = e2X = 2% —
D%2-16 22-16 22-16 12
1 CcoSs 3x CcoSs 3x
A .CoS3x = =
D2-16 -9-16 -25
. 1 2% — 1 exlogz _ exlog2 _ 2%
" D2_16" D2—-16" (log2)2-16" (log2)2-16
3X X
e 12x 86 1 cos 3x 2
.-.P.l.:——(x2+—+ )+e2x.—+ + —.
7 7 49 12 25 (log2)°—16

. The complete equation is,

3x 12
Y=C134X+Cze—4x_37( +—x+ )+ 2x_+cos3x+
zx
(log2)%2-16

m log(1+acos x) dx =

b) Show that f; nsin"la0<ac<1. [6]

COos x

ANS: Let | (a) be the given integral. By the rule of differentiation under
the integral sign.

dI T df T 1 cosx T dx
— d f . — A
da 0 da 0 cosx 1+acosx 0 1+acosx
X 2dt 1—t2
Putt =tan=,dx = =
2 1+t2 1+t2

Whenx=0,t=0;

When X =m, t = tan gzoo




o dl 0 1 2dt

“da 0 T1+t2
1+a (1+t2)

dl oo 2dt

da  J0 (1+tD)+a(1-t2)"

dl co 2dt

da _ Jo (1+ra)+(-a)t?’

dI 1 J-OO 2dt

da 1-a 0 [1+a]+t2

dar _ 2 1-a
da 1 a 1+a 1+a
dl _ 2 T

da Vi1-a2?'2

dl _ T

da Vi-a?

Integrating both sides w.r.t. a, we get
I=msinta+c

Tofindc,puta=0
I(0)=msin!0+cc=0

I =msin"la

mlog(1+acos x .
- [ lost dx = wsin"la
0 Ccos X

c) Change the order of integration and evaluate f f2+\/—“:yy dxdy.

[8]
ANS: 1) Given order and given limits: Given order is: first w.r.t. x and
then w.r.ty i.e., a strip parallel to the x-axis varies from x = 2 — /4 — y2

tox=2—-,/4—y2 Yvariesfromy=0toy = 2.

2) Region of integration: x=2 — /4 —y?isthearcand x = 2 +
V4 — y?2 is the arc of the circle (x - 2)? + y? = 4with centre at (2, 0) and

radius = 2 above the x-axis. y = 0 is the x-axis and y = 2 is the line
parallel to the x-axis through A (2, 2). The region of integration is the




semi-circle OAB above the x-axis. The points of intersection of the circle
and the x-axis are O (0, 0) and B (4, 0).

3) Change of order of integration: To change the order, consider a
strip parallel to the y-axis in the region of integration. On this strip y

varies fromy=0toy :\/4 — (x — 2)? and then strip moves from x = 0 to
X =4,

1= O gy

I= [l e

I= [y a- -2 dx

I = xz;zm+25m‘1%]
= (23)- 23

4

0

I =2r

Q.3 a) Evaluate [[f(x + y + z) dxdydz over the tetrahedron bounded
by the planes x=0,y=0,z=0andx +y +z=1. [6]

ANS:

1 1-x (1-
I:fx=0fy ;Cf V(x4 y + 2)dzdydx

[ = f;=0f [(x+y+z)2] e ydydz

0

I=3 fmo Jylo (1= (e +3)?1dydx




11 (x+y)2 11>
I_Efx=0[y_ 5 . dx

1 1, x3
I =- x=0[(1—x)—§+?]dx

1[2x «? x* 1

213 2 12l

b) Find the mass of lamina bounded by the curves y = x* — 3x and
y = 2x if the density of the lamina at any point is given by 2—:95}’-

[6]

ANS: The curve y = x2 — 3xi.e. y +z = (x — %)2 is parabola intersecting
the x-axis in x = 0 and x = 3. The line y = 2x intersects this parabola at x?
—3x=2xi.e.x*-5x=0i.e. at x =0, x = 5. Therefore, points of
intersection are (0,0) and (5,10). The surface density is p = (24/25)xy.
Taking the elementary strip parallel to the y-axis, on the strip y varies
from y = x? — 3x to y = 2x and then x varies from x = 0 to x = 5.




. Mass of lamina = f fz 3x25xydxdy

24 5 [*1*
==, x [—] dx
5 2 x2—3x

= ﬁf: 4x3 — x(x* — 6x3 + 9x?)]dx

24 (5
== 15 —5x3 + 6x* — x°)]dx
24 [—x6 6x° 5964]5
50 5 41,
_ 2% ¢4 _2_5 2
N 50'5 [ +6—7l
_ 2 s 7
T 50" T12

..Mass of lamina = 175.

c) Solve x? + 3x + 3y = logg cCy(og )

X

ANS: Given that,

2 d? a‘y log x .cos(log x)

=+ 3x +3y

X

Puttlng z= Iog x and x = e?, we get
[D(D—1)+ 3D+ 3]y =e"%.z.cosz
[D? 4+ 2D + 3]y = e %.z.cos z

~The AE.isD?*+2D+3=0

-D = ‘Zfﬂ = —1++2.i

~The C.F.isy = e %(C, cosV2z + C, sinV/2z)

1

Pl =————e%.2.c0SZ
D242D+3

—z 1 _z
= . .Z.COSZ = ¢e
(D-1)2+2(D-1)+3

[8]

1
.Z.CO0S Z
+2




=e‘Z[Z— ! .ZD]

ZD] cosz =e % [zcos Z+

. .COS Z
D242

.ZSinZ]
D242

D2+2°
= e ?[zcosz + 2sinz]
The complete solution is,

y=C.F. +P.l.

y = e‘Z(Cl cosV2z + C, sin \/72) + e ?[zcosz + 2 sin Z]

y = %(Cl cosV2logx + C, sinx/flogx) +%[logxcoslogx

+2 sinlog x|

Q.4 a) Find by double integration the area bounded by the parabola
y?=4xAnd y =2x — 4 [6]

ANS: The parabola y? = 4x and the line y = 2x — 4 intersect where
(2x — 4)? = 4x

SA4x? —16x + 16 = 4x c4x%2 —20x+16=0
X2 =5x+4=0 (x-4) (x-1)=0
~x=1,4.

Whenx=1,y=2-4=-2;andwhenx =4,y =8 -4 =4, Thus, the
points of intersection are A (1, -2) and B (4, 4).

Now, consider a strip parallel to x-axis. On this strip x varies from x =
y2/4 to x = (y+4)/2. The strip then moves parallel to the x-axis fromy = -2
toy=4.

y+4

4 4)/2 4 ¢ 75
=5 [0 dxdy = [ 7 ay

4

1 4
=,y +8—yHdy




1 2 y34
y + 8y ——

4 31,

=2[(16+32-2) - (4-16+23)]

=~ (60 — 24)

~A=9

3

b) Solve % + xsin 2y = x3cos?y [6]

. d ;
ANS: Given, d—z + x sin 2y = x3cos?y
Dividing both sides by cos?x,

d .
seczxd—z + x sec?xsin 2y = x3
d
sec?x 24+ 2xtany = x3....oiiii
dx
Put tan y = v and differentiate w.r.t. X,
2. dy _ dv

sec " x— =
dx dx

Hence, from (1), we get % + 2v.x = x3




P=2xAnd Q= x3
~fPdx=[2xdx = x*
ALF. zelPdx = gf2xdx — ox*

. . 2 2
~The solutionis v e*” = [e* x3dx + ¢

To find the integral put x? = t, xdx = %.

o 1
- The solutionis v e*” = Ee"z (x?2—1)+c

. tanye* = %e"z(aoc2 —1D+c

d e | :
c) Solve d—z =x3 + y with initial conditions y(0) =2 at x = 0.2 in
step of
h = 0.1 by Runge Kutta method of Fourth order. [8]

ANS: Given that, d—y =x3+y

flx,y) =x34+y,x9 = 0,y,=2andh=0.1

ki =hf(xy,v) =010+ 2) =0.2

“hy = hf (%0 + 2,50 +2) = 01[(5)? + 2 + 27 = 0.2100

ks =hf (%o +5,y0+2) = 01[(Z)3 + 2+

“ky = hf (x0+ 2,50 + "3)—01[(—)3+2+

k= ki+2ky+2ks+ks _ 0.242(0.21)+2(0.2105)+0.23105

6 6

0.2100

] = 0.2105

0.2100

] = 0.23105

.k =0.2120




Q.5 a) Evaluate f01 x®sin~! x dx and find the value ofﬁ(;%). [6]
7 — (1,501
ANS: I = [ x°>sin™!x dx
Putsin"lx =t ~X=sint dx =costdt
Whenx=0,t=0 whenx=1,t=m/2
I = fon/z sin® t.t.costdt = fon/z t(sin® t.cost) dt

Integrating by parts,

6

, /2 .6
[ = lt. sin xlo _ fon/Z S”;x.l.dt

6
T 1 1 531 =«
1=(—.——o)——.—.—
2 6 6 642 2
T 51
[ —
12 192
_1111'
192

p(2) < -2l

,8(9 1)_105n
2’2) 384

b) In a circuit containing inductance L, resistance R, and voltage E,
the currentiis given by L%+ Ri = E.Find the currenti attimetat t
=0andi=0andL, Rand E are constants. [6]

: . di j .
ANS: The given equation =+ B_oZ is linear of the type oy Py =20
dt L L dx
. . . (R R E

~.Its solution is ieJ /19t = [ eJ /Ldt.z.dt +c

. Rt Rt Rt

i.e /L=£fe /Ldt+c=2.e" /Lt +

L R

_E Rt/L_I_C




Whent=0andi=0 ,-,Cz_g

Rt Rt
sl.e /L=£e /L -E
R R

i = %(eRt/L —1)

i=7(1- e‘Rt/L)

c) Evaluate f by using 1} Trapezoidal 2} Simpsons (1/3) rd.

0 1+3x
and 3} Simpsons (3/8) Th rule. [8]
ANS:
X 0 1 2 3 4 5 6
Y 1 0.25 /0.1428| 0.1 |0.0769 | 0.0625 | 0.0526
Ordinate |y, V2! Y2 Y3 Y Ys Ye

1} Trapezoidal Rule:
| =2 (X +2R)
X = Sum of extreme value = 1 + 0.0526 = 1.0526

R = Sum of Remaining values = 0.25 + 0.1428 + 0.1 + 0.0769 + 0.0625
=0.6322

1
= (1.0526 + 2(0.6322))

I =1.1585
2} Simpsons (1/3) rd rule

I =2(X +2E +40)

X = Sum of Extreme values =1 + 0.0526 = 1.0526
E = Sum of even ordinates = 0.1428 + 0.0769 = 0.2197
O = Sum of odd ordinates = 0.25 + 0.1 + 0.0625 = 0.4125

[ = %(1.0526 +2(0.2197) + 4(0.4125))

I =0.5616.




3} Simpsons (3/8) Th rule.
I=22(X +2T + 4R)

X = Sum of extreme value = 1 + 0.0526 = 1.0526
T = Sum of multiple of three =0.1

R = Sum of Remaining values =0.25 + 0.1428 +0.0769 + 0.0625 =
0.5322

3*1
I =
8

I =1.06845.

(1.0526 + 2(0.1) + 4(0.5322))

Q.6 a) Find the volume bounded by the paraboloid x* + y? = az and
the cylinder x2 + y? = a?. [6]

ANS: The equations of the cylinder and the paraboloid in polar form are
r=aandr?=az.

Now, z varies fromz =0to z =r%/a, r varies fromr=0tor=aand 8
varies from06=0to 6 = g taken 4 times.




T4
v=2[2% gp
a’0 4
— ~3 -
V=a®[2df
V=a3[9]’;/z
11'(13
SV =—

2

b) Change to polar coordinates and evalua'[efo1 f:(x + y)dydx.
[6]

ANS: 1) Region of integration: y= 0 is the x-axis andy = x is a line OB
through the origin; x = 0 is the y-axis and x = 1 is a line AB parallel to the
y-axis. Thus the region of integration is the triangle OAB.

2) Changetor, 0: Puttingx=rcos 8 andy =rsin 0, the liney = x
becomesrsinB=rcosBie.tanB0=1ie.0= %. The x-axis is given by 6

= 0 and the y-axis is given by 6 =§. Andlinex=1isgivenbyrcos =1
l.e. r=sec 0.

3) Integrand: Puttingx=rcos 8 andy =rsin 8in (x +y), we get,

r cos 8 +r sin 8 =r(cos 6 + sin B) and dydx is replaced by r drd6




A= [ fosece r(cos ® + sin 0)rdr dé

I= [# f;ece(cos 0 + sin 0)r?dr do

sec
I—f (cos ® + sin 0) [—] do

I = lF(cos 0 + sin 0) sec36 do

f sec?6 do +f

T

sm 6 do]

4
[tan 0+ 2c0529]

[ = %(1 +(2-1))

c) Solve by method of variation of parameters
— + 3 + 2y = e [8]

ANS: AE:D?*+3D+2=0




Solving the equation, we get
. D=-1, -2

. C.F=Cie ™ + Coe 2%,

soyr=eTr yp= e
LyrE et yp=—2eTH
_ |y1 V2 _ |e_x e~ 2x
Vi V2 —e X Qe
= —2e ¥ 73
— _e—3x
X =e¢”
V2 X
u=—|-=-=—4d
1=
—2x ex
e e
= — — dx
—e~ X
X
= —fee e’ dx
Put eX =
e* dx =dt

s fetdt =et +c.
w=e +c

v=f%dx

e ¥ eex
v — f _e—3x dx
V= f e e® dx
Putting e* =

7 fet.tdtztet—et

X

x X
ete® —ef

S D




P = uys + vys =e€ e — (eXe® — ") e2x
—e2* €

.. The complete solution is,

y=C.F+P.l

X

y = Cie* + Cze-2x + e-2x_ e€
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N B:- (1) Question no 1 is combulsorv

(2) Attempt anv 3 guestions from remaininag five guestions.

x3

dx. [3]

Q.1 a) Evaluate f

13
ANS: I = [*<—dx.

Putx3=t
1
S X =¢3
-2
dx = lt?
3

-2

NENN "tt6—t3dt

% _s
~I=[e it edt

1)1
Q.QI = - _l
3|6

b) Find the length of the curve x = 3’3—3 + % fromy=1toy=2.
[3]

ANS: We have x ——+—
4y

Diff w.r.t. y, we get

dx 2 1

dy y 4y




2 1 2_ 4 , 1 1 (.2 LZ
1+(_) _1+(y 4_312) e 2 16y _(y 4y2)
We know that,
s=J; 1+(—)2dy
2 5 . 1)
S—fl (y +m) dy
_[2_ay
S_[B 4y1
8 1 1 1
5_5_5_(5_1)
_5
24
c) Solve (D? + D)y = e** [3]

ANS: For auxiliary equation,
D?*+ D=0

Solving we get,

D=-1,0.

~C.F.=Cle ™™+ (,e%
~C.F=Ce™*+C,

For P.1.,

e4x

D2+D

}I::
Now, put D = 4

e4x e4x

“Y T e 20

.. The complete solution is,

4x

_ -x e
y=C,e +C2+20.

d) Evaluate f01 fxxz xy(x + y)dydx.

[3]




ANS: We have,

I=; 1f ’2 xy (x + y)dydx-

ol 11
14 24
3
I'=5
e) Solve (4x+ 3y —4)dx+ (3x -7y —3)dy = 0. [4]

ANS: Given, (4x + 3y —4)dx + (3x — 7y — 3)dy = 0.
~M=M@x+3y—4) and N=Bx—-7y—3)
Differentiating M by y and N by x, we get,

d_M dN

=3 And —=3
dy dx
.aMm _ an
dy  dx

.. The given equations are exact.

For solution,

[Mdx = [(4x + 3y —4) dx

[ M dx = 2x? + 3xy — 4x

[(Termis N free fromx) = [ =7y — 3 dy

—7y2
Y _3
2

.. The final solution is,

2

7
2x2+3xy—4x—%—3y=c




4x* + 6xy —8x —7y* — 6y =C

f) Solve % = 1+ xy with initial condition xo, = 0, y, = 0.2 By Taylors

series method. Find the approximate value of y for x = 0.4(step size
=0.4).

ANS: The Taylor series is given by,

y =y, +xyl += > yo +Z 3, y(’,” ............. (1)
With x, =0,y, = 0.2,x = 0.4

Now, y =1 + xy sy =1
y =y+xy LYo =Y =02
y =y +y+xy

244

=2y +xy  nyg =2y =2
y =2y +y +xy .y =3yg +xyy" =06
Putting these values in equation 1, we get

(] 4)3 (0. 4)

y—02+(04)1++(04)02+ 2+8Y 0.6) + -
y=02+04+0.016 +0.02133 + 0.00064
y = 0.63797.
Q.2 a) Solve% — 16y = x*e3* + e?* — cos 3x + 2*. [6]
ANS: The auxiliary equation is D> —16 = 0
D =4-4
.. TheC.F.isy = Cie*™ + C,e™™*
Now, to find P.I.,
P.I. = D2116 (x%e3% + e2* — cos 3x + 2%)
Now, ———x?e°* = e“ﬂm.xz
_ ,3x 1 2 _ ,3x 1 2

. . e ". X
D2+6D+9-16 D2+6D—-7




3x

e 1 2
= 7 " p24en) " ¥
(1-752)
7
3x 2 -1
D“+6D
=—-2_, (1 — ) . x?
7 7
3X 2 4 3 2
e D“+6D D*+6D"+36D
=——(1+ + +'“)'x2
49
3x 3x
S (2 LT (2 Ly 06
—7(x+7+49—7x+7+49
1 1 1
g e2X = p2x = e2X = 2% —
D%2-16 22-16 22-16 12
1 CcoSs 3x CcoSs 3x
A .CoS3x = =
D2-16 -9-16 -25
. 1 2% — 1 exlogz _ exlog2 _ 2%
" D2_16" D2—-16" (log2)2-16" (log2)2-16
3X X
e 12x 86 1 cos 3x 2
.-.P.l.:——(x2+—+ )+e2x.—+ + —.
7 7 49 12 25 (log2)°—16

. The complete equation is,

3x 12
Y=C134X+Cze—4x_37( +—x+ )+ 2x_+cos3x+
zx
(log2)%2-16

m log(1+acos x) dx =

b) Show that f; nsin"la0<ac<1. [6]

COos x

ANS: Let | (a) be the given integral. By the rule of differentiation under
the integral sign.

dI T df T 1 cosx T dx
— d f . — A
da 0 da 0 cosx 1+acosx 0 1+acosx
X 2dt 1—t2
Putt =tan=,dx = =
2 1+t2 1+t2

Whenx=0,t=0;

When X =m, t = tan gzoo




o dl 0 1 2dt

“da 0 T1+t2
1+a (1+t2)

dl oo 2dt

da  J0 (1+tD)+a(1-t2)"

dl co 2dt

da _ Jo (1+ra)+(-a)t?’

dI 1 J-OO 2dt

da 1-a 0 [1+a]+t2

dar _ 2 1-a
da 1 a 1+a 1+a
dl _ 2 T

da Vi1-a2?'2

dl _ T

da Vi-a?

Integrating both sides w.r.t. a, we get
I=msinta+c

Tofindc,puta=0
I(0)=msin!0+cc=0

I =msin"la

mlog(1+acos x .
- [ lost dx = wsin"la
0 Ccos X

c) Change the order of integration and evaluate f f2+\/—“:yy dxdy.

[8]
ANS: 1) Given order and given limits: Given order is: first w.r.t. x and
then w.r.ty i.e., a strip parallel to the x-axis varies from x = 2 — /4 — y2

tox=2—-,/4—y2 Yvariesfromy=0toy = 2.

2) Region of integration: x=2 — /4 —y?isthearcand x = 2 +
V4 — y?2 is the arc of the circle (x - 2)? + y? = 4with centre at (2, 0) and

radius = 2 above the x-axis. y = 0 is the x-axis and y = 2 is the line
parallel to the x-axis through A (2, 2). The region of integration is the




semi-circle OAB above the x-axis. The points of intersection of the circle
and the x-axis are O (0, 0) and B (4, 0).

3) Change of order of integration: To change the order, consider a
strip parallel to the y-axis in the region of integration. On this strip y

varies fromy=0toy :\/4 — (x — 2)? and then strip moves from x = 0 to
X =4,

1= O gy

I= [l e

I= [y a- -2 dx

I = xz;zm+25m‘1%]
= (23)- 23

4

0

I =2r

Q.3 a) Evaluate [[f(x + y + z) dxdydz over the tetrahedron bounded
by the planes x=0,y=0,z=0andx +y +z=1. [6]

ANS:

1 1-x (1-
I:fx=0fy ;Cf V(x4 y + 2)dzdydx

[ = f;=0f [(x+y+z)2] e ydydz

0

I=3 fmo Jylo (1= (e +3)?1dydx




11 (x+y)2 11>
I_Efx=0[y_ 5 . dx

1 1, x3
I =- x=0[(1—x)—§+?]dx

1[2x «? x* 1

213 2 12l

b) Find the mass of lamina bounded by the curves y = x* — 3x and
y = 2x if the density of the lamina at any point is given by 2—:95}’-

[6]

ANS: The curve y = x2 — 3xi.e. y +z = (x — %)2 is parabola intersecting
the x-axis in x = 0 and x = 3. The line y = 2x intersects this parabola at x?
—3x=2xi.e.x*-5x=0i.e. at x =0, x = 5. Therefore, points of
intersection are (0,0) and (5,10). The surface density is p = (24/25)xy.
Taking the elementary strip parallel to the y-axis, on the strip y varies
from y = x? — 3x to y = 2x and then x varies from x = 0 to x = 5.




. Mass of lamina = f fz 3x25xydxdy

24 5 [*1*
==, x [—] dx
5 2 x2—3x

= ﬁf: 4x3 — x(x* — 6x3 + 9x?)]dx

24 (5
== 15 —5x3 + 6x* — x°)]dx
24 [—x6 6x° 5964]5
50 5 41,
_ 2% ¢4 _2_5 2
N 50'5 [ +6—7l
_ 2 s 7
T 50" T12

..Mass of lamina = 175.

c) Solve x? + 3x + 3y = logg cCy(og )

X

ANS: Given that,

2 d? a‘y log x .cos(log x)

=+ 3x +3y

X

Puttlng z= Iog x and x = e?, we get
[D(D—1)+ 3D+ 3]y =e"%.z.cosz
[D? 4+ 2D + 3]y = e %.z.cos z

~The AE.isD?*+2D+3=0

-D = ‘Zfﬂ = —1++2.i

~The C.F.isy = e %(C, cosV2z + C, sinV/2z)

1

Pl =————e%.2.c0SZ
D242D+3

—z 1 _z
= . .Z.COSZ = ¢e
(D-1)2+2(D-1)+3

[8]

1
.Z.CO0S Z
+2




=e‘Z[Z— ! .ZD]

ZD] cosz =e % [zcos Z+

. .COS Z
D242

.ZSinZ]
D242

D2+2°
= e ?[zcosz + 2sinz]
The complete solution is,

y=C.F. +P.l.

y = e‘Z(Cl cosV2z + C, sin \/72) + e ?[zcosz + 2 sin Z]

y = %(Cl cosV2logx + C, sinx/flogx) +%[logxcoslogx

+2 sinlog x|

Q.4 a) Find by double integration the area bounded by the parabola
y?=4xAnd y =2x — 4 [6]

ANS: The parabola y? = 4x and the line y = 2x — 4 intersect where
(2x — 4)? = 4x

SA4x? —16x + 16 = 4x c4x%2 —20x+16=0
X2 =5x+4=0 (x-4) (x-1)=0
~x=1,4.

Whenx=1,y=2-4=-2;andwhenx =4,y =8 -4 =4, Thus, the
points of intersection are A (1, -2) and B (4, 4).

Now, consider a strip parallel to x-axis. On this strip x varies from x =
y2/4 to x = (y+4)/2. The strip then moves parallel to the x-axis fromy = -2
toy=4.

y+4

4 4)/2 4 ¢ 75
=5 [0 dxdy = [ 7 ay

4

1 4
=,y +8—yHdy




1 2 y34
y + 8y ——

4 31,

=2[(16+32-2) - (4-16+23)]

=~ (60 — 24)

~A=9

3

b) Solve % + xsin 2y = x3cos?y [6]

. d ;
ANS: Given, d—z + x sin 2y = x3cos?y
Dividing both sides by cos?x,

d .
seczxd—z + x sec?xsin 2y = x3
d
sec?x 24+ 2xtany = x3....oiiii
dx
Put tan y = v and differentiate w.r.t. X,
2. dy _ dv

sec " x— =
dx dx

Hence, from (1), we get % + 2v.x = x3




P=2xAnd Q= x3
~fPdx=[2xdx = x*
ALF. zelPdx = gf2xdx — ox*

. . 2 2
~The solutionis v e*” = [e* x3dx + ¢

To find the integral put x? = t, xdx = %.

o 1
- The solutionis v e*” = Ee"z (x?2—1)+c

. tanye* = %e"z(aoc2 —1D+c

d e | :
c) Solve d—z =x3 + y with initial conditions y(0) =2 at x = 0.2 in
step of
h = 0.1 by Runge Kutta method of Fourth order. [8]

ANS: Given that, d—y =x3+y

flx,y) =x34+y,x9 = 0,y,=2andh=0.1

ki =hf(xy,v) =010+ 2) =0.2

“hy = hf (%0 + 2,50 +2) = 01[(5)? + 2 + 27 = 0.2100

ks =hf (%o +5,y0+2) = 01[(Z)3 + 2+

“ky = hf (x0+ 2,50 + "3)—01[(—)3+2+

k= ki+2ky+2ks+ks _ 0.242(0.21)+2(0.2105)+0.23105

6 6

0.2100

] = 0.2105

0.2100

] = 0.23105

.k =0.2120




Q.5 a) Evaluate f01 x®sin~! x dx and find the value ofﬁ(;%). [6]
7 — (1,501
ANS: I = [ x°>sin™!x dx
Putsin"lx =t ~X=sint dx =costdt
Whenx=0,t=0 whenx=1,t=m/2
I = fon/z sin® t.t.costdt = fon/z t(sin® t.cost) dt

Integrating by parts,

6

, /2 .6
[ = lt. sin xlo _ fon/Z S”;x.l.dt

6
T 1 1 531 =«
1=(—.——o)——.—.—
2 6 6 642 2
T 51
[ —
12 192
_1111'
192

p(2) < -2l

,8(9 1)_105n
2’2) 384

b) In a circuit containing inductance L, resistance R, and voltage E,
the currentiis given by L%+ Ri = E.Find the currenti attimetat t
=0andi=0andL, Rand E are constants. [6]

: . di j .
ANS: The given equation =+ B_oZ is linear of the type oy Py =20
dt L L dx
. . . (R R E

~.Its solution is ieJ /19t = [ eJ /Ldt.z.dt +c

. Rt Rt Rt

i.e /L=£fe /Ldt+c=2.e" /Lt +

L R

_E Rt/L_I_C




Whent=0andi=0 ,-,Cz_g

Rt Rt
sl.e /L=£e /L -E
R R

i = %(eRt/L —1)

i=7(1- e‘Rt/L)

c) Evaluate f by using 1} Trapezoidal 2} Simpsons (1/3) rd.

0 1+3x
and 3} Simpsons (3/8) Th rule. [8]
ANS:
X 0 1 2 3 4 5 6
Y 1 0.25 /0.1428| 0.1 |0.0769 | 0.0625 | 0.0526
Ordinate |y, V2! Y2 Y3 Y Ys Ye

1} Trapezoidal Rule:
| =2 (X +2R)
X = Sum of extreme value = 1 + 0.0526 = 1.0526

R = Sum of Remaining values = 0.25 + 0.1428 + 0.1 + 0.0769 + 0.0625
=0.6322

1
= (1.0526 + 2(0.6322))

I =1.1585
2} Simpsons (1/3) rd rule

I =2(X +2E +40)

X = Sum of Extreme values =1 + 0.0526 = 1.0526
E = Sum of even ordinates = 0.1428 + 0.0769 = 0.2197
O = Sum of odd ordinates = 0.25 + 0.1 + 0.0625 = 0.4125

[ = %(1.0526 +2(0.2197) + 4(0.4125))

I =0.5616.




3} Simpsons (3/8) Th rule.
I=22(X +2T + 4R)

X = Sum of extreme value = 1 + 0.0526 = 1.0526
T = Sum of multiple of three =0.1

R = Sum of Remaining values =0.25 + 0.1428 +0.0769 + 0.0625 =
0.5322

3*1
I =
8

I =1.06845.

(1.0526 + 2(0.1) + 4(0.5322))

Q.6 a) Find the volume bounded by the paraboloid x* + y? = az and
the cylinder x2 + y? = a?. [6]

ANS: The equations of the cylinder and the paraboloid in polar form are
r=aandr?=az.

Now, z varies fromz =0to z =r%/a, r varies fromr=0tor=aand 8
varies from06=0to 6 = g taken 4 times.




T4
v=2[2% gp
a’0 4
— ~3 -
V=a®[2df
V=a3[9]’;/z
11'(13
SV =—

2

b) Change to polar coordinates and evalua'[efo1 f:(x + y)dydx.
[6]

ANS: 1) Region of integration: y= 0 is the x-axis andy = x is a line OB
through the origin; x = 0 is the y-axis and x = 1 is a line AB parallel to the
y-axis. Thus the region of integration is the triangle OAB.

2) Changetor, 0: Puttingx=rcos 8 andy =rsin 0, the liney = x
becomesrsinB=rcosBie.tanB0=1ie.0= %. The x-axis is given by 6

= 0 and the y-axis is given by 6 =§. Andlinex=1isgivenbyrcos =1
l.e. r=sec 0.

3) Integrand: Puttingx=rcos 8 andy =rsin 8in (x +y), we get,

r cos 8 +r sin 8 =r(cos 6 + sin B) and dydx is replaced by r drd6




A= [ fosece r(cos ® + sin 0)rdr dé

I= [# f;ece(cos 0 + sin 0)r?dr do

sec
I—f (cos ® + sin 0) [—] do

I = lF(cos 0 + sin 0) sec36 do

f sec?6 do +f

T

sm 6 do]

4
[tan 0+ 2c0529]

[ = %(1 +(2-1))

c) Solve by method of variation of parameters
— + 3 + 2y = e [8]

ANS: AE:D?*+3D+2=0




Solving the equation, we get
. D=-1, -2

. C.F=Cie ™ + Coe 2%,

soyr=eTr yp= e
LyrE et yp=—2eTH
_ |y1 V2 _ |e_x e~ 2x
Vi V2 —e X Qe
= —2e ¥ 73
— _e—3x
X =e¢”
V2 X
u=—|-=-=—4d
1=
—2x ex
e e
= — — dx
—e~ X
X
= —fee e’ dx
Put eX =
e* dx =dt

s fetdt =et +c.
w=e +c

v=f%dx

e ¥ eex
v — f _e—3x dx
V= f e e® dx
Putting e* =

7 fet.tdtztet—et

X

x X
ete® —ef

S D




P = uys + vys =e€ e — (eXe® — ") e2x
—e2* €

.. The complete solution is,

y=C.F+P.l

X

y = Cie* + Cze-2x + e-2x_ e€
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Q.1
a) Evaluate fooo yte Y’ dy

Solution :

Let|= foooy4e‘y6dy andy® =t

1

dt
dy = —s
6t6
When y=0, t=0 and when y=00, t=00
Now,
_ (P 4,y
=), ¥ e4 dy
o 1
~Jo (t6) e~ 5
6y6
-1
=J, teetdt




b) Find the circumference of a circle of radius r by using parametric equations
of the circle x=rcose, y= rsine.

Solution :
For a circle with radius r and parametric equations x=rcose and y=rsine,

Circumference, c = fozn (Z—Z)z + (Z—Z)Z do
= fom\/(—rsinﬁ)2 + (rcos6)?do
= foznr\/sinze + cos?6d6
= rfozn do
= r[6]5"

c=2mnr




c) Solve (D?+ D - 6)y = e¥

Solution :
The auxiliary equationis D?+ D—-6=0.

(D-2)(D+3) =0

D=2,-3

Complementary Function, |C.F. = c;e?* + c,e3*

. _ 1 ax
Particular Integral, P.I. = - — =
_ ;eéwc
(4-2)(4+3)
= e
2x7
4x
Pl =
14

The complete solutionisy = C.F. + P.1.

4x

- 2X -3x e
=Ccie*+ e +
Y 1 2 12




d) Evaluate f01 f;z xy(x? + yH)dydx

Solution :
_ (1> 2 2
Let1= [ [ xy(x* + y*)dydx
_(1*x .3 3
I= [, [5x%y +y3xdydx
Integrating w.r.ty,
1 2 4 X
| = [x3y—+y—x] dx
0 4 x2
1 2 4 22 2\%
1= [ 3% x—x—x3(x) _ ) x dx
0 2 4 2 4
| = le—5+x—5—x—7—x—9dx
2 4 2 4
T e,
4 2 4
Integrating w.r.t x,
3x6 x8 x10 71
_[4X6_2X8_4X10]0




e) Solve (tany + x)dx + (xsec?y — 3y)dy =0

Solution :
Comparing the equation (tany + x)dx + (xsec?y — 3y)dy =0 with
Mdx + Ndy =0,

M = tany + x
N = xsec?y — 3y

N _ sec?
y Py y

oM N . .
As E = S the given D.E. is exact

[Mdx = [(tany + x) dx [(Terms in N free from x)dy = [ —3ydy
2

—3vy2
=xtany+x7 ==

2

Solution,
[ Mdx + [(Terms in N free from x)dy = ¢

x2  3y2
xtany+?—%=c




f) Solve % = 1 + xy with initial condition xo=0, yo = 0.2 by Euler’s method.

Find the approximate value of y at x = 0.4 with h=0.1

Solution :
Since f(x,y) =1 + xy, f(xo,yo)=1+(0x0.2)=1

At x1=0.1,y1 =yo+ h f(xo,y0) =0.2+{0.1x[1+(0x0.2)]}=0.2+ 0.1 =0.3
At x2=0.2,y2=y1+ h f(xy,y1) =0.3+{0.1 x[1 + (0.1 x0.3)]} =0.3 + 0.103 = 0.403
At x3=0.3,y3=y2+h f(xz,y2) =0.403 +{0.1 x [1 + (0x 0.2)]}=0.2 + 0.1 =0.511

At x4=0.4,y4=y3+hf(x3,y3) =0.2+{0.1x[1+(0x0.2)]}=0.2+ 0.1 =0.6263

Atx=0.4,y=0.6263




Q.2

a) Solve (D% —4D + 3)y = e*cos2x + x?

Solution :

The auxiliary equation is D2 —4D + 3
(D-3)(D-1) =0
D=3,1

Complementary Function,|C.F. = c1e3 + c,e*

Particular Integral , P.l. = (e*cos2x + x?)

(D-3)(D-1)
= ; X 2X + ; X2T . her
D-3)(D-1) = 0K T pogyp_p) X VPecavationhere
= e~ : C _Dyayq_pyty2
- € (D+1—3)(D+1—1)"OSZX +3(1—5)"(1-D)"x

D D? M w2
= eX c052x+3(1+§+?)(1+D+D)x

1
(D-2)(D)

D  D? ,
c052x+3(1+§+?)(x +2X + 2)

2x 2 2
c052x+3(x2+2x+2+?+§+6)

= eX
D2-2D

= eX
~4-2D
e 1 26
=-— ——C0S2X + 3x* + 8X + —
2 D+2 3
eX D—2 26
=-— coS2X + 3x2 + 8x + —
zx D2—-4 3
eX D-2 26
=-— ——COS2X + 3x> + 8x + —
2 —4—4 3

eX ) 26
3 1—6(—25|n2x -2c0s2x) + 3x2 + 8x + ™y

ZeX 26
= T(stx + cos2x) + 3x2 + 8x + >

X
=%\/§cos(2x — %) +3x% + 8x+%

The complete solutionisy = C.F. + P.1.

e* s 26
y = c1e¥ + ce¥ - gx/icos(Zx — Z) +3x2 + 8x + y




b) Show that f dx = —log(l + a)

Solution :

oo tan~ 1 ax

I(a) = fO x(1+x2) dx
By the rule of differentiation under integral sign we have, differentiating w.r.t a,

dl _ o 0 (tan_1 ax)
da 70 da \x(1+x?)
1
= dx
f (1+azx2 x(1+x2))

) dx

— Jo ((1+a2x2) (1+x2)

1 0o 1 a?
T 1-a2 fO ((1+x2) N (1+a2x2)) dx
1

— _1a2 [tan™! x — atan™! ax]|g

1 (T[ n)
= —— Qa-
1—-a2 \2 2

= Elog(l + a)

j°° tan‘laxd _nl -
o x(1+x2?) ¥ 3 0g(1+a)




c) Change the order of integration and evaluate foz fx‘;_x xydydx

Solution : Let | =f02 fé_x xydydx
2
xZ

x=2,x=0,y=4-x,y=?
After changing the order of integration, we get two

A

parts, R1 and R2 of the common region where the
limits of the variables do not change.

In R1, x varies from O to 4-y and varies from 2 to 4
In R2, x varies from 0 to /2y and varies from 0 to 2

4 ~4— 2 2
=1, ], yxydxdy+fo fOJ_yxydxdy
4 x2 4=y 2 xz \/E
=1, y[?]o dy + J, y[;]o

4 (4-y)* 2 (J2y)?
'=Ly—§4dyﬁgylg—mf

dy

4 (16—-8y+y?) 2 2
1= [, y—=——=dy + [ y>-dy

1 ~4 2
1== [, 16y —8y* +y*)dy + [[y* dy
N PP T G RN i
I_2[8y 3 +4]2+[3]0

I=%[8.42—8'T43+4:4—8.22+8'—23—£]+[?]

3 4
10 8
|=—+-
3 3
1=6

v




Q.3
a) Evaluate [[[ x2yzdxdydz throughout the volume bounded by the planes

- = - Xy Y zZ_
x-0,y-0,z-0anda+b+c 1.

Solution :
Letx=au,y=bv,z=cw
dx = a.du, dy = b.dv, dz = c.dw
| =[[[ x?yzdxdydz
| = [[f (auw)*. bv.cw.a.du. b.dv.c.dw
| = a3b?c? [[[ u>vwdudv. dw

The planes will become, u=0,v=0,w=0andu+v+w=0,
If we consider an elementary cuboid, on this cuboid,

w varies fromOtol—-u-—-v

vvariesfromOto1—-u

u varies fromOto 1

1=ap2c2 [ [ [T W owdwdvdu
| = a3b?c Zf flu 2 [W]luv

_ .31.2..2 1-u 2 (1'”.17)2
I—abcfof0 u?v~———dvdu

_ 332 2 ¢l flmu 5 [(1-—w)?-2(1-w)v+v?]
l=a’b*c fo fo u-v > dvdu
| = a3h2c2 fl fl—u 2 [(1—u)2v—2;1—u)v2+v3]d du

| = fluz (1—u)2——2(1—u)— 4]},‘”du

32 2 4 Q

I=b—f01u2 (1-u)* . 2(1 u) (1-w) ]du
31922(:2 1uz(1—uz)4 ’

|== ) du

2 0 12
3b2 2
B(3,5)
3b2 2 2141
X
24 7!

dvdu

a3b?c?

_|_




a3b?c?

2520

3p2 2
[[[ x*yzdxdydz = azgz(c) throughout the volume bounded by the planes x = 0,

- - X4 Y 2 _
y—O,z—Oanda+b+c—1.




b) Find the mass of the lamina of a cardioid r = a(1 + cose). If the density at any
point varies as the square of its distance from its axis of symmetry.

Solution : Let P(r,e) be any point on the given cardioid R
The distance of P from the axis is r sine. The density at any
point P(r,e) is p = k r2sin?4.

Consider a radial strip in the first quadrant.

Mass of the lamina,
_ m ~a(1 + cose) )
=2J, J, (k r2sin?0)rdrde

r P
On this strip, r varies from 0 to a(1 + cose) and - :
e varies from 0 to m. /
4

_ T ﬁ a(1 + cose)
= 2k[, sin 0[4]0 do

4
= k% ;SinZQ (1 + cos6)*do
_kat (i, .6 0)? 5 0\*
== (ZSlTlECeOSE) (GZCOS E) do
=32 ka* f:sinzgcoslogde

. 0
=64 ka* f(;n sin’t cos'Otdt [— = t]
97531 _m

1
=64 ka*—————x—
12.10.8.6.4.2. " 2

) 21
Mass of the lamina = - ka*n




c)SoIve(3x+2)2 +5(3x+2)——3y— x2+x+1

Solution :

Let3x+2 =V 2=3

dx
dy dy dv dy
dx dv dx dv

d’y d (dy d (,dy d (dy\ dv d?y
=7 = 3) =32 (2)Z =922
dx? dx \dx dx dv dv \dv/ dx dv?

The given equation changes to,

,d?y dy v—2\* v-2 vi—4v+4 v-—2
9p? dv2+15v5—3y (3 ) 3 +1= 9 + 3
Multiplying throughout by 9,

,d?%y dy ,
81v? W+135v%—27y=v —4v+4+3v-6+9
81v2”+135v —27y=v —v4+7 . (1)

Put z = logv =e?
v _ _3’ _ _
Now,v—== Dy, v°— =D(D —1)y

Equation (1) becomes,
[81D(D—1) + 135D —-27]y=e?? —e? + 7
[81D?% + 54D — 27ly=e?? —e? + 7

The auxiliary equation is 81D? + 54D — 27=0.
(D+1)(D-3)=0
D=-1,:
Complementary Function, C.F. = cie? + c,e?3
= c,e7108v 4 ¢, logv/3
= cvl+ g3
=c1(3x +2)7! +c,(3x + 2)7 /3

1

Particular Integral, P.I. = e?? —e? +7
81 2+54D-27

+1




- 1 eZz _ 1 ez + 1
81(2)2+54(2)-27 81(1)2+54(1)-27 81(0)2+54(0)-27
X e? 7

"~ 405 108 = 27
27\15 4
Resubstituing z = log v

1 [e2logv elogv
== (—-—+7)
27 15 4
1 (v? v
S (2 _tyy)
27 \15 4

Resubstituing v =3x + 2

_ 1 ((3x+2)*  (3x+2)
P'I'_27( 15 4 +7)

The solution is,
y=C.F. +P.l.

1 ((3x+2)2 _ (3x+2)

y=c(3x +2)"' +c,(3x + 2)"V3 + ol ey "

+7)




Q.4
a) Find by double integration the area common to the circles r = 2cose and
r = 2sine.

Solution :
We have r = 2cose y

e.\x2+y2=2

x2+y2—-2x=0
2_2x+1+y2=1
(x—1D*+y2=1
Centre = (1,0)
Radius =1
Similarly, r = 2sine
ie.x2+y2=2
xt+y:—2y= 0
x2+y2-2y+1=1
x2+(y—-1%=1
Centre = (0,1)
Radius =1

x2+y2

A

Consider radial strips in both A1 and A2.
In A1, r varies from O to 2cose and e varies from 0 to /4
In A2, r varies from 0 to 2sine and e varies from m/4 to /2

Area=Al+A2
fn/4 fZCOS rdrdd + fn/z f25m9 rdrd®

_ f“/4 [ ]20059

=2 lfz(cosze) de + fnz SinZQdH]

2sin@

odo+ f“/z[] do

_2f4_60529 d9+f21 cosZBdQ

T[
—sin26 sin20,5

+60]%+[6 +

=[




Area

:E—l
2




i d
b) Solve sin Zxd—z =y +tanx

Solution :
dy y _ tanx

dx sin2x sin2x
ay y __1

dx  sin2x 2c0s2x

Comparing with Z—z + P(x)y = f(x)
1
P(x) = —

sin2x
f(x) =

2c0s%x

-1
LF = eJsm 9%
= o~ J coseczxadx
—log(coseczx—cot )
=e 2

~log(*57—)
=e 2

-1 2sin?x

08\ 2sinx.cosx

=e 2
—log(tanx)

=e 2

LF.=—
T Vtanx

The solution is,
y X |.F. -fP(x).I.F.dx+c

y 1 d
= X+ C
Jtanx f 2coszx Jtanx
y 1 d
= X+ C
Jtanx f 2co 2x Jtanx
2 = ——
=5 +C
L
1 _ -
Y =~ [ cos™3/%x.sin"2xdx +c
tanx 2

1
Putcos 2x =t

1 .
~cos 3/2x sinxdx = dt




1 _ T .
~cos 3/2x . sin~Y2x. sin3/?xdx = dt

%cos‘3/2x.sin‘1/2xdx = — CZZ ......
sin X
Now,
1
cos 2x =t

t™* = cos?x

(1—-t*) =1-cos’x

(1—-t*) = sin’x

sind/2x = (1 — t=4)3/4 ()

Substituting (2) in (1),

1 <=3/2, cin—1/2 _ at
S cos™x.sin™ “xdx = R
1 dt
4 == 3 +C
tanx 2 (1-t—%)2
f t3dt
tanx (t4— 1)3/4
Let t* — 1 =g
4t3dt = dg
t3dt =22
y _ 1, dg
tanx 27 4g3/4 TC
y _1 3/4
vtanx o gfg / dg +C
1/3
Y __ 29 +cC
tanx 8 1/3
y __ 3 _1/3
tanx 8‘g te

Substituting g = t* — 1
2 =2t — )3 +c
~1/2

f

tanx
Substituing t = cos

1
Y = %[(cos_ix)4 — 113 +¢

X

Vtanx
Yy

[cos™2x — 1]Y3 + ¢

OOILAJ

f

tanx




c) Solve % = 3x + y? with initial conditions yo = 1, xo = 0 at x = 0.2 in steps of
h = 0.1 by Runge Kutta method of fourth order.

Solution :

d

d—z = 3x + y?
fix,y)=3x+y%,x,=0,y,=1,h=0.1

ki = hf (x0,y0) = 0.1[3(0) + 1] = 0.1
h ky [ 0.1 0.1\°
k, = hf(xo +=, Y0 +—) =0.1 3<0+—) + (1 +—) = 0.1252

2 2 _ 2 2
h k, [ 0.1 0.1252\°
k3=hf<x0+§,yo+?)=0.1 3<0+7)+<1+ 5 ) = 0.1279

[0.1 + 2(0.1252) + 2(0.1279) + 0.1572]

N -

1
k — g[k1+2k2 +2k3 +k4,] -
1.2634
ke =

= 0.2105

The approximate valueof yatx=0.2is=y, + k =1+ 0.2105 = 1.2105




Q.5

a) Evaluate fol x° sin~! x dx and find the value of B(%,%)

Solution :
Integrating by parts we have,
1 . . 611 1x6 1
[Tx®sin"txdx = [sm 1x.x—] — [ =,
0 6 1g 6 Vi-x?
le'_ld 7T111x6d
x’>sin" " xdx =—=.———=| ——=dx
0 26 6J,1—x2
Put x =sine dx =cosede
n 1 (m/2sin®6

dx

=— == 0s6do
12 6 0/ cosO
T 1 rm/2 .
=— —= sin®6do
12 670
_ T 1531w
12 6674722
_ T 51
12 192
_1171'
_1192
. 117
[Tx°sinTlxdx = =
0 192

6(7 1) _ rg)rG) _rGri) L, xax G)TG) _352 (1)

2’2 7.1y T r(a 3! 16 2
) @




b) The differential equation of a moving body opposed by a force per unit
mass of value cx and resistance per unit mass of value bv? where x and v are

the displacement and velocity of the particle at that time is given by
dv

V= —Cx— bv?. Find the velocity of the particle in terms of x, if it starts

from rest.

Solution :
dv 2

We have v— = —cx — bv
dx
ingp2=v ¥ 1%
1Pl:lttmg Ve = y,vdx =S,
y e J—
e + by = —cx

dy _

—t 2by = —2cx

This is a linear differential equation of the form Z—z + Py =40Q
|E. =edex — ebedx — p2b

The solution is ye??* = [ 2P*(—2cx)dx + ¢’
ye?b* = —2¢ [ xe?*dx + ¢’

2bx e2bx e2bx ,
ye —Zc(x - — [ 1. Y dx)+c

2
)+c’

2bx 2bx

2bx e e
e = —2cC (x —
y 2b 4p2

Resubstituting y = v?

cXxX C
172€2bx — __ebe + 2€2b +c
b 2b
C
By data, whenx=0,v=0 So, ¢’ = -
cXx C c
vZebe — __62bx + eZDx _

b 2b?2 2b2

2 _ € ¢ 2bx 1) _ X
v —sz(e 1) .




c) Evaluate ff% by using i) Trapezoidal ii) Simpsons (1/3)rd and iii)
Simpsons (3/8)th rule.

Solution :
Dividing the interval to 6 parts by taking each subinterval equal to
6—0

h=-—=1
6

X 0 1 2 3 4 5 6
y=— 1 1 1 1 1 1 1

1+4x 5 9 13 17 21 25
Ordinate Yo Y1 Y2 Y3 Y4 Ys Y6

i) By Trapezoildal Rule,
|=2[X + 2R]
Now, X = sum of the extremes =1 + % = 1.04

And, R = sum of the remaining = g + % + 1—13 + 1—17 + 2—11 =0.4944

I=%[X + 2R] = %[1.04 + 0.4944] = 0.7672
ii) By Simpsons (1/3)rd rule,
|=2[X + 2 + 40]

Now, X = sum of the extremes =1 + % = 1.04

1

2E = 2 x sum of the even ordinates = 2 (g + E) = (0.3398

40 = 4 x sum of the odd ordinates =4 (% + 1—13 + 2—11) = 1.2981
| = g [X + 2E + 40] = § [1.04 + 0.3398 + 1.2981] = 0.8926
iii) By Simpsons (3/8)th rule,

|=%[X+2T+3R]

Now, X = sum of the extremes =1 + % = 1.04

2T = 2 x sum of the multiples of 3 =2 x 1—13 = (0.1538

3R =3 x sum of the remaining = 3(% + é + 1—17 + %) = 1.2526

| = % [X + 2T + 3R] = 2[1.04 +0.1538 + 1.2526] = 0.9174




Q.6

plane.

a) Find the volume of the region that lies under the paraboloid z = x2 + y? and
above the triangle enclosed by the linesy =x, x=0and x + y = 2 in the xy

Solution :

0]

v

The base of the required solid is a triangle OAB.

A

y=X

A(1,1 X+y=2 X

20

Take a strip parallel to the y-axis fromy = x to y = 2-x. The strip moves parallel to

itself from x = 0 to x = 1. Z varies from 0 to x? + y2.

Cx xZ4y? _
V=f01 fxz xfox " dzdydx = fol fxz “(x? + y?)dydx =

= fol[xz(z—x)+@—x3—x;]dx= f012x2—

[2x3 7x* (2—x)4]1_2 7 1 16 _
3 12 12 1y

<
I
|

0
7x3 N (2—x)3

! [xzy + y;]i_x dx

dx

3 12 12 12 3

3




b) Change to polar coordinates and evaluate [[ y>dxdy over the area outside
x%* + y?> —ax = 0 and inside x* + y?> — 2ax =0

Solution : ,

x2+y?—ax=0
2

2 a 2 _ (2
X Zx2+ (2) +3cll 2— (2)
(x-3) +7*=(3)
Centre = (a/2,0)
Radius = a/2 [=acose
And,
x?+y2—2ax=0 v
x? —2ax +a® +y?=a?

(x —a)? +y% = a?
Centre = (a,0)
Radius = a

by r = 2acose

2

Putting x=rcose and y=rsine in x? + y% — ax = 0 we get r? = arcos@ i.e.
r = acosf and in x? + y? — 2ax = 0 we get r2 = 2arcosf i.e. v = 2acosf
Considering a radial strip, r varies from acose to 2acose and e varies from 0 to g

|= [ y*dxdy
1=2]2 f:;c;se(rsinﬁ)zrdrdH
=2 fgfzacoser3sin29drd9

acose
4]2acose

Zrr
=25 [T
I =%f05(16a4cos49 — a*cos*0) sin*6do

15a* - 4 . 2
— |2 cos*@sin® 6d6
_15a* 311 m

2 6.4.2 2

sin?0do

aCoSse

| = 15ma*
T 64




c) Solve by method of variation of parameters

d?y 1
dx 1+sinx
Solution :

The auxiliary equationisD?+1=0
D=i,-i

Complementary Function, C.F. = c1cosx + c3Sinx
1

1+sinx

Here y1=cosx, y2=sinxand X =

Let Particular Integral, P.l = uy; + vy>

Now,

}’1 cosSx Sinx '

|—| ) |=coszx+sm2x=1
y 1 —Sinx cosx
X sinx sinx 1 sin sinx—sin? x
=—f&dx=—f dx = - e = - [
1+sinx 1-sinx 1+smx COSZ.X

= — [(secx.tanx — tan®*x) dx = — [(secx.tanx — sec’*x + 1)dx
u= —secx + tanx — x

=fM x=fcosxx - dx = log(1 + sinx)

The complete solution is,

y=C.F. +P.l.
Y = C1C0SX + C2Sinx + cosx(—secx + tanx — x) + sinx.log(1 + sinx)




MUMBAI UNIVERSITY PAPER SOLUTIONS Q.P. Code: 29701

SEM Il APPLIED MATHS Il CBCGS DEC 2019

Q1)a) Evaluate Ixe’XAdX . (3m)
0

Ans: Putting X* =t

Q1)b) Find the length of the arc of the curve r = asin® (g) from © = 0 to any point P(©). (3m)

Ans : The required arc is given by

P(6) 2
L= j r%(ﬂj de

0 d
P(0) 0 2
= I \/r +( X =asin— cos Jde
0 2
P(O) 0
7= j Jr +( X =a’sin? cos —)d@
0 2

P(0) P(@)
I /r +ar os —d9 1+ cos —d&
0

P(0)

r 1
=— 2ar COS— sm—

2 ,
1+— cos—
r
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Q1)c) Solve (D* —2D* +1)y =0. (3m)
Ans : The auxiliary equation is

D*-2D*+1=0

~(D*-1) =0

..D?-1=0

~D?*=11

..D=1-11-1

The roots are real and repeated .

Therefore, y =(C, +C,X)e* +(c, +¢,x)e”

Q1)d) Solve (x—2e”)dy +(y+xsinx)dx=0. (3m)

Ans : We have M =y + xsinx and N =x-—2eY
My N
oy OX
j Mdx = j(y+ xsin x)dx = yx + X(—cos x) —j(—cos x).1.dx
= Xy — XCOS X +5Sin X
.'.'|'—2eydy:—2ey

The solution Xy —XCOSX+Sinx—2e’ =cC.

1x
Q1)e) Evaluate ”xzyz(x+ y)dydx . (am)
00

Ans :
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d
Q1)f) Solve d—y = x®+y with initial conditions X, =1, y, =1by Taylor’s method. Find the
X

approximate value of y for x=0.1. (am)
Ans : The Taylor’s Series is given by
;X X3
Y=Y, +XY, +zy0 +§yO F e

Now,

y'=x’+y

Yo =X +Y, =L +1=1

y'=3x’+y’

Yo =3X% +Y, =3+1=4

y"' =6x+y"

Yo =6X,+Y, =6+4=10

Putting these values in the series , we get

y=1+0.1X1+(0.01/2) X4+ (0.001/6) X 10 + ..........

y =1.12167

The approximate value of y is 1.12167 .

Q2)a) Solve 3—3 —4y=xe¥+e¥ —sin2x . (6M)

Ans : The auxiliary equation is D%-4=0 . Hence, D=2,-2.

The Complementary Equationis y =c,e** +c,e " .

Pl.=—; 4(X263X+93X—Sin2X) .
> eSxXZ L eSx.%.XZ — eSx' 1 . .XZ — e3x. . 1 .XZ
D4 D4 (D+3)7%—-4 D?+6D+5

e[ D246D| , e*[. D?+6D 36D? ,

- _ l+— X =— 1— =+ + . X
5 5 5 5 25
e[, 12x 2 72] e*[ , 12x 62
5 5 5 25 5 5 25
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1 X -1 X
——e"=—e
D -4 3

5 sin2x = —lsin 2X
D 2

The complete solution is

3 12x 62 )
=ce?+ce ¥+ —|xX*——"4+—=| + —e*—=sin2x
y=¢ A [ 5 25}
@ 2
Q2)b) Show that IIOg(:LX;ZaX)dX = m/E, (a>0) (6M)
0

Ans : Let I(a) be the given integral. Then by the rule of differentiation under integration sign,

a_ idx:jiz. L Z.XZdX:I dX2
da joa o X* 1+ax o 1+ax

17 dx 1 4 = 1 7z
=~ |——===.(a)|tan'xJa | =—=.=
a!(]/a)er2 a(\/—)[ \/_]0 a 2
Ldr 7
da 2ya
Integrating both sides, I(a)= ZIE =zJa+c.
2’ a

To find ¢, put a= 0. Hence, I(0)=c .

I(O):Tde:O,:.c:O,.‘. | =z+a

But )
©log(1+ ax
J-M dx = 72'\/5
0 X
5 x+2
Q2)c) Change the order of integration and evaluate I I dydx . (8Mm)
0 2-x

Ans : 1.Given order and given limits : Given order is first w.r.t y and then w.r.t x ,i.e. a strip parallel to
the y-axis. Y changes from y=2-x to y=2+x and then x changes from x=0 to x=5.

2. Region of integration : y=2-x is a straight line x+y=2 and y=2+x is also a straight line. x=0 is the y-
axis and x=5 is a line parallel to the y-axis .The points of intersection are A(0,2), B(5,-3) and C(5,7)
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.The region of integration is the triangle ABC.

3. Change the order of integration : To change the order of integration, consider a strip parallel to
the x-axis in the region of integration .When the strip moves parallel to itself, its base moves on two
different straight lines AB and AC .Thus, the region of integration is split into two parts, ADC and
ADB .So we consider two strips in the two regions. In the region ABD on the strip x varies from x= 2-x
to x=5 and then the strip moves from y =-3 to y=2 .In the region ADC, on the strip x varies from x=y-
2 to x =5 and then the strip moves fromy =2 toy =7.

2 5 7 5
I I dxdy+I J. dxdy
-32-y 2 y-2

- i[x]i_y dy+.:[[x]5

= [@+y)dy+[(7-y)dy

y? | y? |
foof] ok
2 -3 2 7
:(17—9j (37—@j 25
2 2

Q3)a) Evaluate III zdxdydz over the volume of tetrahedron bounded by the planes x=0,y=0,z=0

and 5+X+E:1. (6M)
3 4 5

Ans : We put x=3u, y=4v, z=5w, dx=3du, dy=4dv, dz=5dw .
l :6OI”5wdudvdw .

As before the limits of integration change and we have

1 =3X4X5? j T 1.ufvwdwdvdu

u=0v=0 w=0

u 1-u-v
=3ooi 1[ ["‘ﬂo dvdu_ﬂj j(l u—v)?dvdx

u=0v=0 u=0v=0

=150H—@}du: 120 [0-(-u)*Jdu

0

ol dudu—sgo| _@-W'] _ 507y 1 25
—50!(1 u)du—SO{ ., l_ 4[o 1]_2
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Q3)b) Find the mass of the lamina bounded by the curves y2 =4xand X? = 4y if the density of
the lamina at any point varies as the square of its distance from the origin. (6M)

Ans : The two curves intersect at A(a,a). The lamina is the area OBACO. On the curve OCA,
2
X
y=+4X = 2\/; and on the curve OBA, y = I . The surface density is given by

2
X
p= k(X2 + y2) .Taking the elementary strip parallel to the y-axis , on the strip y varies from y = ?

to y=+/4x= 2& and then x varies from x=0 to x=4 .

Therefore Mass of the lamina =

4 Jax a 2 %
:kI (x2+y2)dxdy=kj'{x2y+y—} dx
0x2/4 0 3 x2/4
:ki xZ\/R+(4x)\/&—x2X—2—1X—6 dx
J| . 3T
a 4 6
:kj 2x5/2+4—'2.x3/2—x—— X - |dx
) 3 4 3X4
- .
il X2 8 1 1 X
'7/2 352 45 3X64 7
L 0
K 2.256+£.256—@—@}
| 7 15 5 21
_ 6X256k _ 1536,
35 35
2
Q3)c) Solve xzd—¥—4xﬂ+6y:—x4sin X. (8Mm)
dx dx
Ans : Putting z= log x and x =e” , we get

[D(D-1)-4D+6)y =—e*.sine’.
-.(D*=5D +6)y=—e*.sine’

The Auxiliary Equation is

(D’ -5D+6)=0
~.(D-2)(D-3)=0
~.D=23
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The Complementary Function is

y =ce’ +c,e’
1 .
Pl.=————(—€e"sin¢’
D2—5D+6( )

4z 1 H z
. S
(D+4)>-5(D+4)+6

4z z 4z z

=—e". ————sine’ =—e"".——————sine
D°+3D+2 (D+2)(D+1)
1 .
=—e", e Z.J'eZ sine’dz
D+2
Put e’=t
1
Pl =—e%.—— e*(-cose?)
D+2
=e¥ .e‘zz._[ e?* e*cose’dz
= eZZJ‘eZ cose’dz =e**.sine’
Put e’ =t
The complete solution is
y=ce? +c,e¥ +e*sine’ =cx* +¢,x> +X°sinx .
Q4)a) Find by double integration the area between the curves y2 =4X and 2x-3y+4=0. (6M)

Ans : We first solve the two equations to find the points of intersection .
We get

y* =2(3y-4)

y?—6y+8=0

S (y=-4)(y-2)=0,-.y=2,4

When y=2, x=1 ;when y=4 , x=4 .Let the points of intersection be A(1,2) and B(4,4) .

2x+4
Now, consider a strip parallel to the y -axis. On this strip, y varies from y = 3 toy= 2&.

Then x varies from x=1 to x=4 .
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A(2-2) (45
; 3 3 3 3/ 3

Q4)b) Solve (1+siny) % =2ycosy—x(secy+tany). (6m)
y

Ans : The given equation can be written as

%+ (secy+tany) ‘= 2ycosy

dy l+siny ~ 1l+siny
ax @+siny) X_2ycosy
“dy ‘(L+siny)”  1+siny
.'.%+sec y.XZZyc_f)sy.
dy 1+siny
eJ.de _ eJ.SGCy _ elog(secy+tany) =secy+ tan y= 1+sin y
cosy

Therefore, the solution is

, {A+siny) :J- 2ycgsy (L+siny) dy+c
cosy (d+siny) cosy

=IZydy+c: y?+c.

The solution is X.(L+siny) = y* cosy +CCos y
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dy

Q4)c) Solve d_ = x* + y? with initial conditions Y, =1, X, =1 at x=0.2 in steps of h=0.1 by Runge
X

Kutta method of fourth order .

Ans : We have ﬂ: x? +y2
S f(Xy)=x+y%%x,=0,y,=1,h=0.1
k, =hf (x;,Y,) =0.10+1) =0.1

k, = hf (X, +g, Yo +%) =0.1](0+0.05) + (1+0.05)* | =0.1125

k; = hf (%, +2, Yo+ k—22) = 0.1[(0.05) + 1+ 0.05762)2} =0.11686
k, =hf (x, +h,y, +k;) =0.1(0+0.1]+ (1 +0.11686)°] = 0.13474
k= %[k1 +2k, + 2k, + K, ]

k = %[o.1+ 2(0.11525) + 2(0.11686) + 0.13474] = 0.1165

The approximate value of y will be 1+0.1165 =1.1165 .
Again to find at x = 0.2, we repeat the same .

S f(xy)=x+y*x=02,%x,=0.1y,=1.1165h=0.1
k, = hf (X, V,) = 0.1(0.12 +1.1165%) = 0.13466

k, =hf (X, +g, Yo +%) = O.l[(0.1+ 0.05) + (1.1165+0.06733)2] =0.15514

k, = hf (x, + 2 Yo + k—22) =0.1[(0.1+0.05) + (1.1165+0.07757)* | = 0.15758
k, =hf (x, +h,y, +k;) =0.1(0.1+0.1] + (1.1165+0.15758)*] = 0.18233
k =%[k1+2k2 +2k, + K, ]

k = %[0.13466 +2(0.15514) + 2(0.15758) +0.18233] = 0.1571

The approximate value of y =1.1165 + 0.1571 =1.2736 .

(8m)
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1 2 1
X dx
Q5)a) Evaluate dx. . (6M)
! V1-x* ‘c[ J1-x*
Ans:Put X' =t
SoX= t%
dX=%t_%dt When x=0,t=0; whenx=1,t=1
1,412 1
t 1 1 1
sl = S ¥t | ——=. =t ¥dt
[ =
t1 t1 2
= [V - dt [ S (1-1) Pt
04 04
=iB _—1+1,_—1+1 B _—3+1,_—1+1
16 4 2 4 2
Lo )e(2 ]
16 (4 2 4 2
_ 1 <3402 ~4H-2)
16 —(5/4) —(3/4)
1 Jr
=—,— —(1/4)—(1/2
1 2z
=27 ) =5
Q5)b) The distance x descended by a parachute satisfies the differential equation
dx \? 29
(aj =k?|1—e /¥ | where k and g are constants. If x=0 when t=0, show that
2
X = k— log cosh (g_t) . (6Mm)
g k
Ans : We have

LN
dt
dx

,l_ e—29x/k2

= kdt
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Let V1—e 29K —y

- g2
~e2 9 dx —udu
k

(1—u2)%dx = udu

u
1-u?

2
dx:k—. du
g

Hence we get that

du = kdt

K ou 1
C

1

_u2
.'.K.lduz =dt+c
g l-u

. . k1 1+u
By integration, —.=log| —— [=t+cC.
g 2 1-u

But
iIog (1+_uj =tanh™'u
2 1-u

k

.—tanhtu=t+c

But by data when t=0, x=0 and hence u=0 .Therefore, c=0.
k

s.—tanh™u =t

g

tanh™u = gt
k

u= tanhg—t
k
-.u? =tanh? (g_tj
k
~.1-e7?%/% = tanh? (g_t]

e 29K _1_tanh? (g?tj =sech? (g_tj

=~

k
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2gx/k = COS h2 ( j
2— =2log cosh( j
-‘- g

k2
X =—logcosh (—j
g k

1

Q5)c) Evaluate i) Trapezoidal ii) Simpsons (1/3)rd and iii) Simpsons (3/8)th

0
rule . (8m)

Ans : Firstly, we shall divide the interval (0,1) into 10 equal parts by taking h=0.1. We prepare the
following table :

x: 0 01 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
y: 1 09901 0.9615 0.9174 0.8621 0.8 0.7353 0.6711 0.6098 0.5525 0.5
(i) By Trapezoidal Rule
h
| =—[X +2R]
2
X=1.5, R=7.0998
0.1

-1 =0.7849
(ii) By Simpson’s (1/3)rd rule

szg[x +2E +40] .
X=1.5 ,E=3.1687,0=3.9311
S= %1[1.5+2X3.1687+4X 3.9311]

$=0.7853
(iii) By Simpson’s (3/8)th rule
S =%[X + 2T + 3R]
X=1.5,T=2.2052 , R=4.8946
e %[1 5+2X2.2052 +3X 4.8946]

5$=0.7834
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Q6)a) Find the volume in the first octant bounded by the cylinder X* + y2 = 2 and the planes
Z=X+Y,y=X,2=0 and x=0. (6M)

Ans : If we take projections on the xy — plane ,the area is bounded by the circle X%+ y2 =2, theline
y=x and the line x=0 i.e. the y-axis .

We change the co-ordinates to cylindrical polar by putting x=rcos© , y=rsin© , z=z .

Then the equation of the cylinder becomes X%+ y2 =2ie. r= \/E

. T
The liney = x becomes, rsin@ =rcosd,.. 6 = Z'

V4
The line x=0 becomes, rcos@ =0,..0 = E .

Now if we consider a radial strip in the projection, r varies fromr=0 to r = \/E, © varies from

T T
0= 2 to @ = PR Then z varies from z = 0 to z = (x+y) = r(cos©+sin®) .

% {2 r(cosf+sind) % NA
V= [ [ rdrdedz= [ [ e[zl drdo

9:% r=0 7=0 9:% r=0
% 2 7 G
= _[ _[rz(c036’+sin9)drd0: J' (cos@+sin0){—} de
6=7/, 1=0 =", 3 o
7
:& I ((:ose+s.in0)d6’:&[sine—cose]’#2
3,2 3 w4
/4

dxdy
2

Q6)b) Change the polar coordinates and evaluate II —
R(L+X"+Yy%)

over one loop of the

lemniscates (X° +y?)> =x>—y° . (6Mm)

Ans : If we put X=2c0Sfand y=rsinéd, (X’ +y?)* = x> —y* becomes
r* =r?(cos* 6 —sin’ H)i.e.

r’ =cos26

_ 1 1

Ay Aty
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Now, the loop varies from 0 to /C0S 26 and © varies from —% to % .

o =J-’ZZJ'W rdrd@

o (1+r?)?
_ % Jeos20 rdrd @
B 2.[0 Io (1+1?)?

O e v
0 |1+cos26 0 1+cos26

2 2 7 _
:'[A 1 S€C€ 0 dgz[g_@} _r 1 _z-2
: 2 2 |, 42 a4

Q6)c) Solve by method of variation of parameters

d’y 2
dx? y_1+ex )

(8m)

Ans : The Auxiliary equation is

D2-1=0
- (D-)(D+1)=0
~.D=1-1

The Complementary Functionis y =Ce* +C,e .

2
1+e*

Hence, y, =e*,y, =€ “ and X =

Yi Y,

!

Y1 YZ,

Now, ..U :—J')(‘/ZV—de= _ dx=j dx

Put e =t
e *dx = —dt

sou :—J%dx:—fezx .1+Zex dx:j e’ dx
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e ¥dx = —dt

dt t
SUu=- =— dt
J.1+(]/t) J‘1+t
=—jwdt:_j1dt+ji
t+1 1+t
=—t+log(l+t)=—e"+log(l+e ™)
y, X e* 2 e” .
v=|=—dx=|—. dx=—-| ——dx=—log(l+e
j W -2 1+¢” I1+ex 9 )

Pl =uy, +vy, = [—e‘x +log(1+ e‘x)]eX +[—Iog(1+ ex)]e‘X

The complete solution is

y=ce"+ce *—1+e*.logl+e*)—e *.log(l+e")
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